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Abstract

In this paper we consider a generalization of the ma-
chine activation problem introduced recently [“Energy
efficient scheduling via partial shutdown” by Khuller, Li
and Saha (ACM-SIAM 2010 Symp. on Discrete Algo-
rithms)] where the unrelated parallel machine schedul-
ing problem is studied with machine activation cost.
This is the standard unrelated parallel machine schedul-
ing problem with a machine dependent activation cost
that is incurred, if any job is assigned to the machine.
The problem asks for a choice of machines to activate,
and a schedule of all jobs on the active machines subject
to the makespan constraint. The goal is to minimize the
total activation cost.

Our main generalization consists of a general activa-
tion cost model, where the activation cost for a machine
is a non-decreasing function of its load. We develop a
greedy algorithm that yields a fractional assignment of
jobs, such that at least n — jobs are assigned fraction-
ally and the total cost is at most 1 + In(n=) times the
optimum. Combining with standard rounding methods
yields improved bounds for several machine activation
problems.

In addition, we study the machine activation prob-
lem with d linear constraints (these could model
makespan constraints, as well as other types of con-
straints). Our method yields a schedule with machine
activation cost of O(%logn) times the optimum and a
constraint violation by a factor of 2d + . This result
matches our previous bound for the case d = 1.

As a by-product, our method also yields a Inn +
1 approximation factor for the non-metric universal
facility location problem for which the cost of opening
a facility is an arbitrary non-decreasing function of
the number of clients assigned to it. This gives an
affirmative answer to the open question posed in earlier
work on universal facility location.
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1 Introduction

In this work we consider the generalized machine acti-
vation problem defined as follows. We are given a set M
of m unrelated machines and a set J of n jobs. Let pj;
and a;;; be the processing time and cost, respectively,
for processing job j on machine i. Given an assignment
of jobs to machines we refer to the load of machine i as
the total processing time of all jobs that are assigned to
machine i. We are also given a non-decreasing, piece-
wise linear and left-continuous machine activation cost
function !; : R* — R* for each machinei € M. A
feasible integral solution is an assignment :J — M
of each job to a machine. Let u be {Bre machine load
vector under assignment ,i.e., U; = G)=i Pii -

The cost of a feasible solution  comnsists of two
rts: One is the machine activation cost given by
iem !i(Bi ), while the other is the assignment cost

given by jea @ (- We call this problem the gen-
eralized machine activation (GMA) problem. We can

use the cost function to model the makespan constraint

T by letting !i(0) = 0, !i(x) = ¢ for 0 <x < T,

and !i(X) = oo for X > T, where G is the cost for

opening machine i. We call the problem with such cost

functions the machine activation with assignment cost
(MAAC) problem. Furthermore, if there are no assign-

ment costs, the problem reduces to the basic version of

the machine activation problem which we denote by MA.

(Both the MAAC and MA problems were introduced in

[23].) Besides the capability of capturing the makespan

constraints, this more general activation cost can also be

used to model the situation that many current comput-

ing devices, such as CPUs and disk arrays, have more

flexible power management controls than simple on/off

switches, thus permitting many intermediate levels of

power consumption.

Our first result is a simple greedy algorithm for
GMA that finds a fractional assignment in which at
least N — jobs are fractionally assigned with total
cost at most In™ + 1 times the optimum solution
(Theorem 3.1). By applying the rounding scheme
by Shmoys and Tardos [33], we obtain a (2;(1 +
0(1)) In n) bicriteria approximation for MAAC, where an
(; )-approximation means if there exists a schedule
of makespan T and cost C we can find one with



makespan at most T and cost at most C . This
improves the (3+ ; O (1 Inn))-approximation in [23] and
the (2 + ; 2In(2n=) + 5)-approximation in [14]. For
MA, the algorithm reduces to the greedy algorithm for
submodular covering problem and using the Shmoys-
Tardos scheme yields a (2;lnn + 1)-approximation,
matching the results in [23]. Improving the factor of 2
for minimizing makespan is a well known open problem.
We also obtain a (14+0(1)) Inn-approximation for GMA
if I'i() satisfies ! j(2x) < ! j(x) foralli (e.g. for concave
I, we have =2).

Typically, a fractional assignment can be obtained
from a generalized flow computation for an instance
of the unrelated machine scheduling problem. In the
special case where assignment costs can be modeled by
a standard flow computation in the given GMA instance,
the same greedy algorithm (with some simplifications)
is able to find a feasible integral assignment and the
total cost is at most Inn+1 times the optimum solution
(Theorem 4.3). The result directly yields an optimal
Inn 4 l-approximation for the non-metric universal
facility location (UniFL) problem in which the cost
function for a facility is an arbitrary non-decreasing
function of the number of clients assigned to it. This
answers an open question proposed in [19, 26]. We note
that a logarithmic approximation is essentially optimal
in light of Feige’s result [13]: For any > 0, there
is no (1 — )Inn-approximation for set cover unless
NP C DTIME [nO(oglog n)7,

Note that GMA does not fit into the well studied
submodular covering framework [38]. Bar-Ilan et al. [3]
considered the problem of incorporating the assignment
cost to the submodular covering framework (see Sec-
tion 4.3). Their framework, in which the assignment
cost is captured by a standard network flow computa-
tion, can be used to model a number of network de-
sign problems including the capacitated facility location
problem. Our work extends this work by having a more
general cost function and assignment model, i.e., gener-
alized flows. Our algorithm is simpler than their multi-
phase greedy approach and our bound is also tighter.
We summarize our results in Figure 1.

Our main algorithm is a simple greedy algorithm.
Indeed, in prior work we introduced a greedy framework
[23] in which at each step a new machine is activated.
We would like to activate the machine which has min-
imum cost to benefit ratio. However, computing the
benefit of a machine in this context is a hard problem.
The key idea there is to estimate the benefit by a frac-
tional relaxation and compute a fractional schedule that
is rounded at the end. In this work we significantly
generalize this framework to define a greedy method
that works with fractional activations at each step. In

our analysis, we make extensive use of the conformal
decomposition lemma (for generalized flows, and more
generally for LP solutions), which enables a charging
argument to show the relationship between the cost to
benefit ratio and the optimum. Note that the charging
argument for the basic set cover problem was extended
for several generalizations such as facility location, set
multicover, capacitated set cover [12]. To illustrate the
use of the conformal decomposition lemma, we also give
a short alternate proof of the supermodularity of mini-
mum cost generalized flow. This simplifies the proof by
Fleischer that is based on LP duality [14] 1.

Besides one single makespan constraint, a more
realistic machine may restrict the set of tasks that can
be assigned to it in a variety of other ways. Several
prior works study the problem of combining the degree
constraint (at most a certain number of jobs can be
assigned to a particular machine), or more generally
some linear constraints, into the traditional machine
scheduling problem (e.g. [39, 37, 25, 32]). Motivated by
similar considerations, we study the machine activation
problem with d linear constraints on each machine —
we refer to this problem as Machine Activation with
Linear Constraints ( MALC). We show that we can find
a schedule such that the machine activation cost is at
most O(%logn) times the optimum and each constraint
may be violated by at most a factor of 2d+ . Note that
when d = 1, our result matches the (24 ;O (Llogn))-
approximation obtained by LP rounding in [23]. Our
algorithm is also based on LP rounding and makes use
of ideas from [25, 23].

1.1 Related Work  Our work is closely related to the
submodular covering framework [38]. In an instance of
the problem, we are given a ground set N, with each
element e in N having a cost Ce and a nonnegative
monotone submodular function f : 2N — R* U {0}.
The objective is to find a subset S C N of the minimum
cost such that f (S) =f (N). It is well known that the
problem admits logarithmic factor approximations [38,
15]. Indeed, the fractional version of MA is can be
cast as a submodular covering problem [23, 14] , by
noticing that maximum generalized flow is submodular
(proved in [14]). However, MAAC and the more general
GMA do not fit into the submodular covering framework
due to the assignment cost. Fleischer [14] defined the
supermodular packing problem and used it to capture
the assignment cost for MAAC. It is not clear to how to

Tin the context of network ows, the supermodularity (or
submodularity) has a close relationship with the notions of
substitutes and complements, which have been a subject of study
in operation research community. See the references in [14] for
prior work.
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Figure 1: Comparison of our results to previous results. n is the number of jobs (or clients). M is the largest
integer in the instance. (x) If |b| is not bounded by a polynomial of input size, the ratio is (1 + 0(1)) In |b].

use the the same idea in GMA because of the general
machine cost functions. Fleischer [14] also studied
the completion time version of the machine activation
problem where there is a completion time constraint
instead of of the makespan constraint and obtained a
logarithmic approximation.

A considerable amount of work concerns the prob-
lem of rounding a fractional solution X obtained by
solving the linear-(or convex-)programming relaxation
to an integral one X such that multiple linear con-
straints are satisfied approximately in the rounded so-
lution. Typically, the constraints are a collection of k
linear functions f; and we want to minimize the “dis-
crepancy” terms [fi(X) — fi(X)| for most/all i. If k
is not a constant, the terms usually depend on n or
k [4, 1]. Recently, Saha and Srinivasan [32] used a
random-walk rounding technique to show that there is
an efficient algorithm that returns a b-matching main-
taining the capacity constraints on all machines nodes
and [fi(X)—f;(x)| <'; Vi where f; is a linear function
defined on edges incident on node i and ‘; is an upper
bound on the coefficients. This appears to be the first
result that gives a bound independent of n for more
than one constraint per node. MALC can be seen as
a generalization of their problem by having activation
costs for machines and d constraints on each machine.
Our bound on the violation of the constraints is also
independent of n.

There is a huge literature on the facility loca-
tion problem and its many variants. For the unca-
pacitated facility location in metric space, small con-
stant factor approximation algorithms can be obtained
by many approximation algorithmic techniques (e.g.
[34, 21, 9, 2, 20, 10]) The current best approxima-
tion ratio is 1.5 [8]. Guha and Khuller [18] showed
that there is no 1:463 approximation unless NP C
DTIME [n©O(cglog W] Hajiaghayi et al. [19] first stud-
ied the facility location problem with concave facility
cost functions. Mahdian and Pal obtained the first con-
stant approximation for arbitrary non-decreasing facil-
ity cost functions [26] where the problem was named
universal facility location ( UniFL). The focus of both
works is the metric case and a logarithmic approxi-
mation for the non-metric case was posed as an open

question. The current best ratio for metric universal
facility location is 6.702 by Vygen [36]. A number of
well-studied problems are very special cases of universal
facility location. These include uncapacitated facility
location, set cover with soft or hard capacities, facility
location with soft constraints [2, 11, 20, 27] or hard ca-
pacities [24, 29, 11, 40], the linear-cost facility location
problem [27, 28], the concave-cost facility location [19]
and the load-distance balancing problem [6].

The special case of MA where the job assignment
can be computed via a max-flow has been also studied
in the context of deploying internet transit access points
in a wireless sensor network [30] and designing a pay-
ment system in a trust network [16]. The algorithms
developed in the above two works are also greedy and
they use a charging argument based on the path decom-
position of flow that is similar to ours in spirit.

2 Preliminaries

Scheduling unrelated machines can be modeled as a gen-
eralized flow problem. We review some basic concepts
about generalized flows. A generalized flow problem is
the same as a standard flow problem, except with a gain
factor ¢ > 0 on each arc e. This means that if a unit
of flow enters arc €, ¢ units of flow leave arc e. We say
prc eisa normal arc if ¢ = 1. The cost of the flow f is

ece TeCe Where Ce is the cost per unit of flow on arc €,
and f¢ is the flow entering arc e. To see that how a gen-
eralized flow is used to compute a fractional assignment,
we add a sink t to the bipartite graph G = (M U J;E).
We add a normal arc (j; t) for each job j. Each arc (j;t)
has a capacity 1. Each arc (i;j );i € M;j € J has a
capacity pj , gain factor 1=p; , and cost ¢j = aj =p; .
Each node i € M is a flow source and its flow excess is
determined during the execution of our algorithm. The
total fractional number of satisfied jobs is the amount
of flow that the sink t receives and the fractional as-
signment cost is just the cost the corresponding flow.
The gain of a cycleis the product of the gain factors
of arcs in that cycle. A ow generating ( ow-absorbing)
cycle is a cycle whose gain factor is larger (smaller) than
one. A bicycleconsists of a flow-generating cycle, a flow-
absorbing cycle, and a (possibly trivial) path from the
first cycle to the second. A circulation is a feasible gen-



eralized flow on a network where there is no flow excess
or demand at any node. A circuit is a circulation that
sends positive flow only along the arcs of a bicycle or
unit-gain cycle. We shall use the following conformal
decomposition lemmaextensively.

Lemma 2.1. ([17]) A generalized circulation f can be

that f = :(:1 g and gi(e) > 0 only if f (e) > 0.

Clearly, the existence of a negative cost circuit in
the residual graph implies that the current circulation
can be improved by pushing flow around the circuit.
The converse of this fact is also true: A generalized
circulation f is optimal if and only if the residual graph
contains no negative cost circuit (e.g. [17]).

Sometimes, it is easy to think of a source (a
sink) as a flow-generating (flow-absorbing) self-loop.
For example, if source s has a flow excess X, we
replace S with a self loop which has a gain factor
2 and capacity X. Therefore, a generalized flow in
our context can be treated as a generalized circulation
and the decomposition lemma is still applicable. In
our algorithm, the machine activation cost is counted
separately from the flow cost, so the cost on these self
loops is zero. We finally note that, in a fractional
assignment, the load of machine i equals to the amount
of flow leaving node i.

3 The Greedy Algorithm

Our main result in this section is the following theorem.

Theorem 3.1. There is a polynomial time approxima-
tion algorithm that can nd a fractional assignment such
that at leastn — jobs are (fractionally) satis ed and the
cost is at mostln(™)+1 times the optimal cost for GMA.

First, we need some notation and more preparation
on generalized flows. Arc (v;w) has capacity Uyw > 0,
gain factor y > 0, and per unit flow cost ¢,y > 0. Let
u € RIMI be the flow excess vector where u; is the flow
excess on machine node i. Let fy, be the flow value
entering arc (V;w). For a flow f, weuse ¢(f ) to denote
the cost of the flow, ie., c(f) = ,, Gwfw. Note
that uj puts an upper bound on the load of machine i.
Recall that we can think of a machine node i with flow
excess X as a flow-generating self-loop with gain factor
2 and capacity X. We shall also call u capacity vector
sometimes, where U; = Uj; , the capacity of the self-loop
(i;i). Let G[u] be the generalized flow network with
capacity vector u. We define (u;f;) to be the optimal
cost of sending at least f; units of flow to t in G[u],

which can be determined by the following LP:
X

(u;f) = min. Cow Fuw
vw

(3.1)

Algorithm 1 : GMA-GREEDY( G;; )
1u=0;f = 0;

2 while f;<n — do

3 Choose machine i and >0; > s.t.

4 (i; ;5 u;fy) is minimized;
5 b=u+ ¢

6 fe=Ffc+ ;

7 u =CLEANUP( b;fy);

X X
s. t. fow — wlfw =0W eVt
ct (S
WX (v) w (v)
wtfwt >y
we —(t)

0<fuw <uw V(V;W)

where ~(v) = {w | (w;v) € E} and *(v) =
{w | (v;jw) € E}. This first constraint is the flow
conservation constraint, i.e., the total flow entering a
node equals that leaving the node. The second says
the total flow entering the sink t is at least fi. In this
LP, we use flow-generating self-loops on machine nodes.
Therefore, we do not need any other constraint to model
flow excesses.

In this paper, we assume that (u;0) = 0 for any
u=Oand (u;fy)>0foranyu>0andf;>0.Ttisa
useful fact that (u;f() is a nondecreasing function of
fi (a standard propgrty for linear programming).

Let C(u;fy) = oy Yi(ui) + (u;fy). Define

(55 u;ft):l Clu+ e;fe+ )—C(uify)
for any i € M and ; > 0, where € is the ith
elementary vector: € (i) =1 and € (j) =0 for j #i.
Our greedy algorithm starts with u = 0. In each
iteration, we first increase the capacity of some machine
i by and push more units of flow to t such that
(i; ;5 u;fy) is minimized. To ensure the algorithm
runs in polynomial time, we require that the increment
is at least a given parameter ( = m will be fixed
later). Then, we perform a clean-up procedure which
produces a maximal excess vector which could send as
much flow to the sink with no larger cost (Property 3.1).
This property is useful in the analysis of Lemma 3.4.
The algorithm terminates when the sink t receives more
than N — units of flow, i.e., more than N — fractional
clients are satisfied. It is easy to see that there are
a polynomial number of iterations. We specify below
how each iteration can be implemented in polynomial
time. We denote the algorithm by GMA-GREEDY
(see Algorithm 1).



Finding the minimum ratio : Now, we elaborate on
how to find the minimum value in each iteration in
polynomial time. For a fixed machine i, it is easy to
see that is the optimal value of the following linear-
fractional program (LFP) :

1 X

= Li(ui+ ) —=1i(up)+
X X

min.

Cwfuw — (U;fy)

vw

vawv =0vWeV \ {t}5

fow
we " (v)
X

S.
we —(v)

wtfwt >Fe+
we —(b)
0<fuw <uw Y(v;w) e E\{(i;i)};
0<fi <uj +; >0, >
We can assume ! (Ui + ) is a linear function of
This is without loss of generality since we can solve the
above FLP for every piece of the function ! (:) (recall
I (:) is piecewise linear) and take the minimum. Any
FLP of the form max: gl;(:fd st.AX = b;x >0
can be converted to an equivalent LP by standard
homogenization [7] as follows: W.Lo.g. assume e'x +
f > 0. We introduce a new variable z and let z =
ﬁ. Then, the FLP can be written as max: zc"
dz s.t. zAX = zb;ze"x +fz = 1;x > 0. Substituting
zxX with new variables y, we get an equivalent linear
program max: C'y +dz st. Ay = zb;e'y +fz =
Ly;z>0.

The CLEANUP  procedure: Now, we specify the de-
tails of the CLEANUP  procedure. Given b and fy,
the goal of the procedure is to find an excess vector u
such that the following property holds:

Property 3.1. (1) C(u;fy) < C(b;fy); (2) There
does not exist anyi € M and > 0 such that
Cu+ e;ft)<C(u;fy).

In other words, we want to find a maximal excess vector
such that the total cost of sending f flow to t is no larger
than C(b;ft). The algorithm iterates over all machine
nodes. For each machine node i, the algorithm attempts
to add the maximum amount of excess to Uj such that
the total cost does not increase. This amount can be
determined by the following LP:
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Algorithm 2 : CLEANUP( b;f;)

1 foreach i € M do
2 Let  be the optimal solution of LP(3.2);
3 b=b+ g ;

4 Return b;

(3.2) maximize ; subject to

X
Pi(oi + ) —1i(by) +

X X

Cow fow — (b;ft) <0

vw

wvfwv =0Vve V\{t};

fuw
we *(v) we —(v)
X
wt T wt thQ
we —(t)
0 <fuw < U

0<fi <uj+;

V(viw) € E\ {(ii)};

>0

The first constraint dictates that the cost does not
go up. The last one increase the capacity of the flow-

x 4 generating self-loop (i;i) to (uy + ). In Lemma 3.3,

we show that it suffices to increment the excess once for
every machine in order to ensure Property 3.1.

3.1 Analysis of the Approximation Ratio We
need a few lemmas. We use R(G;f) to denote the
residual graph of G w.r.t. f and R(u;f) as a shorthand
notation for R(G[u];f). First, we state some simple
facts that will be useful in various places. The proofs
of the first three are straightforward and the fourth can
be easily seen from the first three.

Lemma 3.1. 1. If f is a feasible circulation in G and
f’ is a feasible circulation in R(G;f). Then, f +f’
is feasible in G.

2. Supposef and f’ are feasible circulations in G.

Then, f —f’ is a feasible circulation in R(G;f’)
2
3. Supposef, a feasible circulation in G, can be
decomposed o conformal circuitsy;; go;:::; 0. For
any S C K], ;.5 is a feasible circulation onG.

Suppose f and f’ are feasible circulations in
G. f —f' is decomposed into confgmal circuits
015 Op . Forany S C [k], f"+ .sg and
f — <5 @ are feasible circulations in G.

271 unit of ow on ( v;w) is equivalent to
(w;v).

vw Units of ow on



Recently, Fleischer showed that (u) is supermodu-
lar [14]. The proof was based on analyzing the changes
of the dual variables. We provide a simpler direct proof
using conformal decomposition.

Lemma 3.2. (Fleischer [14]) (:;f¢) is a supermodular
function. That is, that for any excess vectoru, i € M,
positive scalars ; , and u’ = u + ¢, the following
inequality holds:

(Uif) = (U4 esf) > (Usf) — (U + eisfe):

Proof. We drop the second parameter f; for ease of
notation. Let f;f ;fi:fi denote the optimal flow
corresponding to  (u); (u+ €); (u)and (U'+ €),
respectively. Using Lemma 2.1, f; = fI —f can
be decomposed into conformal circuits. First, we can
see all circuits have non-positive cost. Otherwise, by
Lemma 3.1.4, subtracting those with positive costs from
f1 results in a feasible flow on G[u + €] of less cost,
contradicting the optimality of f!. Second, no circuit
has positive flow on any flow-generating loop other than
(j;] ) since otherwise we can add those circuits to f and
get a feasible flow of less cost, contradicting that f is
optimal. Repeating the same argument, f, = f1 —f!
can be also decomposed into conformal circuits whose
costs are non-positive and no circuit has positive flow
on any flow generating loop other than (i;i).
fi+f, =11 —f is a feasible flow on R(Uu 4+ € +
g;f). We decompose f1 + f, into conformal circuits
and partition them into two groups. The circuits in the
first group g; (the second group @) has positive flow
on the flow generating loop (j;j ) ((i;i)). Other circuits
can be assigned to either group arbitrarily. Since f + g
is a feasible flow on Glu+ €+ €] (by Lemma 3.1.4),
thus on G[u + €], we have ¢(gi) > c(f1). Therefore,

c(t) =c(f1+f2) — (o) < c(f2):

Also we can see that f + ¢, is a feasible flow on
Glu + €j]. Hence,

U+ e)— (u) <c(g) <c(fz)
=c(fl)—c(fl)= (U + ¢&)— (U):

This completes the proof |

Lemma 3.3. The excess vector u
CLEANUP (b;f) satis es Property 3.1.

returned by

Proof. The third constraint in LP(3.2) guarantees that
C(u;ft) does not increase over iterations. This proves
the first part. Now we show the second part. Suppose
the lemma is not true and there exists i € M and > 0

such that C(u + e€;;fy) < C(u;f;). We denote the
excess vector obtained right after the ith iteration by
u®. Tt is obvious that C(u) + ej;fy) > C (u;fy)
for any > 0, since otherwise we would have a larger
optimal value for LP(3.2). Thus, we have that

CuwW;fy)—cu® 4+ g;f)<0
<C(u;fy)—C(u+ e;fy):

Subtracting ! i(ui(i))—! i(Ui(i) + )=
from both sides, we can get

Fiup)=Tti(ui+ )

WD) — WD+ e:f)< (uf)— (U+ e;fy):

which contradicts the supermodularity of . O

For any two vectors a and b, we use max(a;b)
The following lemma is the key to establishing the
approximation ratio. The statement of the lemma
is somewhat reminiscent of the standard relationship
between the cost-benefit ratio and the optimum for
set cover, which can be shown by a simple charging
argument. However, the charging argument here is not
as straightforward and needs to be done based on a
conformal decomposition.

Lemma 3.4. Supposeu, f satisfy the second part of
Property 3.1. For any @;f; such thatf, — f; > , the
following holds:

min (i ufy) < 14— =~

(I

Proof. Let f, f be the generalized flows corresponding
to (u;fy) and (@;fy), respectively. Consider the flow
f —f. Apply Lemma 2.1, f —f can be decomposed
into conformal circuits. By Lemma 3.1.2, we can see
that f —f is a feasible flow on R(max(u;@);f), so is
any conformal circuit obtained from the decomposition.
Now, we group those circuits as follows. If the circuit
contains the flow-generating self-loop (i;i), we assign it
to group @i. Thanks to the structure of the circuit, each
circuit contains at most one flow-generating self-loop.
We note it may also contain at most one flow-absorbing
self-loop (a negative flow on an flow-generating arc
can be seen as a positive flow on the arc of the
opposite (flow-absorbing) direction). Other circuits
containing no self-loop are assigned arbitrarily. We
also use g to denote the flow formed by the sum
of the circuits in g. Let Au; = max(ﬂi;ui) — Uj
i:_\,‘[ld Ay = max(! i(ai);! i(ui)) — 1 i(Ui). Let (gi)t =

wt wt G (W;t) be the the contribution of g; to the sink
tand S={i|(g) < }



Due to Property 3.1 and the fact that C(u;f;) is
non-decreasing in fi, we can see that A!; 4+ ¢(gi) must
be nonnegative for every i € M. Therefore, we have
that

C(e;fy) PiA!i+D(B;f~t)f (u;fy)
fo—fe — I i(G)t

_ p i Ali)stcg)

a ies(gi)t"‘l ieM\s(gi)t

S _M\s Aly) +c(gi)

B ieM \?_)(gi)t +n

> 1N _iewps Aly) +¢(g)

a iem\s (Gt

> . Alitda).

i (@)

The third inequality holds since P feM\S (g)+n >

Notice that g is a feasible flow on R(u + Au;e;;f) by
Lemma 3.1.4. Therefore f + g is feasible on G[u +
Aujej] by Lemma 3.1.1 and has (g; ); more units of flow

received by t. Thus !(‘;7;(9") is an upper bound of

min.  (i; ;; u;fy). O

Suppose the algorithm terminatep, at iteration k.
The cost of our solution is SOL < iz1 i i Where
i and j are the minimum ratio and the amount of
flow pushed to t, respectively, in iteration i. Let u*
be the optimal excess vector and OPT = C(u*;n).

Consider the differential equation dfd(xx) = %: The
solution for this equation is f (x) = In -2~ OPT for
X < n, under boundary condition f(0) = 0. Let
=P1 + o Consid&r piecewise function h(x) = |
for ;:11 i <x< ;:1 j. It is easy to see that
h(x) < nO_P);r = dfdg(x) from Lemma 3.4. Therefore,
Z,._ Z,
SOL < h(x)dx + kdx
0 _
Zn- df (x) " OPT
< dx + —dx
0 dx n_

<f(n—- )+ OPT:
By letting = —, we get = (14 O(%)) and

soL< In ! 4+ 0(1) OPT:
Remark: In fact the same algorithm works even if
the underlying network is a general graph instead of

a bipartite graph. Therefore, we can define GMA to be
the more general problem: We are given a generalized

network where some nodes are machine nodes. Our goal
is to put U; units of flow excess on machine i, for all i,
such that n units of flow can be pushed to the sink t
and the total cost C(u;n) is minimized.

4 Applications

4.1 Machine Activation with Assignment Cost
We run the GMA-GREEDY algorithm for some
< 1 fixed later. All machines that have a non-
zero flow excess are activated. Since !{(X) = oo
for x > T, the load on each machine is at most T.
Suppose X is the min-cost fractional assignment given
the set of the machines activated by GMA-GREEDY
In other words, Xjj = fj =p; where f is
the corresponding generalized flow. We then round
the fractional assignment to an integral one using the
scheme by Shmoys and Tardos [33].

The Shmoys-Tardos scheme constructs a bipartite
graph B = (M’ UJ;E) based on f, where J js the set
of jobsand M ={mis |i e M;s =1;2;:::; [ i Xij 1}
Any matching in B corresponds to an assignment: edge
(Mmis;j)imis € M’;j € J is present in the matching
iff we assign job j to machine i. B has the following
properties: (1)PThere is a fraggional matching in B
that has value i Xij and cpst i Xij Gj (2) For any
integral matching X in B, sj Pi Xisj < T + Pmax
for any i. We pefer interested readers to [33] for more
details. Since ; Xj >n — >n — 1, there exists an
integral matching such that all jobs are matched. The
second property implies that any integral assignment
corresponding to a matching on B has makespan at
most T 4 Pmax. Finally, we can show that the cost
of ig,he integral matching, which is the assignment cost,
is isj Xisj @ < 1% REE In fact, this can be
easily seen as follows: Let (X) be the optimal cost of
sending X units of flow from S to t in a standard network
with integral capacities. It is well-known that can
be computed by repeatedly augmenting the shortest s-t
paths (w.r.t cost). Thus, we can see that (X) is concave
and piecewise linear and each linear piece is over an
integral interval. Our claim follows the linearity of ()
on [n — 1;n]. Therefore, the total cost is

= fi i

X X . X X
i(ui) + Xisj @ < 77— i
iem is;j ieM i

< 1# Inn+1ln = +0(1) OPT(T):

By letting = ﬁ, we get the following theorem.
Theorem 4.1. We can nd a solution, in polynomial

time, to MAAC such that the makespan is at mos2T
and the total cost is at most(1 + o(1)) lnn OPT(T).



Using this theorem, we can immediately obtain a
(1+0(1)) Inn-approximation for GMA if ! j() satisfies
Fi(2x) < ! j(x) for x > 0 and all i. Note that positive
non-decreasing concave functions satisfy the property
for =2.

For the basic version of the machine activation (MA)
problem without assignment cost, we just set = 1
for GMA-GREEDY . Notice that the CLEANUP
procedure is not necessary since there is no flow cost
and opening new machines can only increase the cost.
We do not need to set up any lower bound for  to
guarantee a polynomial running time because there are
at most m iterations. In fact, the algorithm reduces to
the simple greedy algorithm proposed in [23]. Moreover,
since there is no flow cost, we do not need to pay the
extra factor of 1% and the total opening cost is at most
Inn + 1 times the optimal solution.

Theorem 4.2. GMA-GREEDY nds in polynomial
time a solution to MA such that the makespan is at most
2T and the total cost is at most(lnn + 1)OPT(T).

4.2 Universal Facility Location A universal fa-
cility location (UniFL) instance consists of a bipartite
graph B = (M UJ;E), where M is the set of facilities
and J is the set of cities. Each facility is associated
with a non-decreasing function ! () : Z* — R* | which
indicates that the facility cost for facility i is ! (X) if i
serves X cities. There is also a connection cost Gj in-
curred if j is assigned to i. We do not assume G s satisfy
triangle inequality. Our goal is to find an assignment of
all cities to facilities such that the total cost, the sum
of the facility costs and connection costs, is minimized.

For consistence of terminology, we shall just use ma-
chines and jobs in place of facilities and cities respec-
tively. It is easy to see that UniFL is just a special case
of GMA. We notice that once the capacity of each facil-
ity is fixed, the assignment cost can be computed from
a standard network flow computation. Since a network
with integral capacities always has an integral min-cost
flow and the machine cost functions are only defined
on integers, we can restrict the flow increments to only
integers. In fact, the CLEANUP  step is also not nec-
essary (will be clear from the analysis). We remark the
greedy algorithm after the simplifications is nothing but
the set-cover greedy, however, no analysis was known
before. Even for the capacitated facility location prob-
lem, a very special case of UniFL, the best known upper
bound is O(logNM ) [3] where M is the largest weight of
the instance and the algorithm is a multi-phase greedy
algorithm which is also more complicated than our al-
gorithm UniFL-GREEDY

Algorithm 3 : UniFL-GREEDY( G)
1 u=0;
2 while Ju|<n do
3 Choose machine i and € Z* s.t.
4 (|, : u) _ C(u+ ei;|u+ € ‘)7C(U;‘UD is
minimized;
5 u=u-+ e,
Theorem 4.3. UniFL-GREEDY is a polynomial

time Inn + 1-approximation for UniFL.

Now, we analyze UniFL-GREEDY for UniFL.
Notice that in our algorithm, once we increase the flow
excess on a node by , the flow sent to t should also
increase by Thus, at any stage, the excess on any
machine node is exhausted, or equivalently, the flow on
the flow-generating self loop matches its capacity, which
may not be true for generalized flows. To capture this
change, we modify the semantics of (u;f{) to denote
the cost of the optimal flow f in G[u] such that f; flow is
received by t and the machine self-loops are saturated.
In another word, (u;f{) is the optimal solution of
LP(3.1) with additional constraints fj = u; Vi. If we
deal with standard network flows, we can use (u) and
C(u) as shorthand notatiops for (u;[u[) and C(u; |u])
respectively, where |u| = ; uj. Again, we let u* be
the excess vector for the optimal solution.

To establish the approximation bound, we need to
show Lemma 4.2 which is an analogue of Lemma 3.4.
The following technical lemma is useful in Lemma 4.2.
For generality, we prove this lemma for generalized
flows, although we only need standard flows in this
subsection.

Lemma 4.1. For any excess vectou and fy <n, there
is an excess vectom such that

1. u <@ < max(u;u*);

2. (a;n)— (u;fy) < (u*;n).

Proof. Let f f* be the generalized flows corresponding
to (u;fi)and (u*;n), respectively. First, it is easy to
see that f *—f is a feasible flow on R(max(u;u*);f ). By
Lemma 2.1, we can decompose f * —f into circuits. We
partition these circuits into two groups: the first group
contains all circuits with t being their flow-absorbing
cycle and the second contains the rest. Let g and h be
the sum of the circuits in the first and the second groups,
respectively. Roughly speaking, h is a flow going from
loops with positive u* — u values to loops with negative
u* — u values, while g flows from loops with positive



u* —u values to t. By Lemma 3.1.4, f 4 g is a feasible
flow in Gmax(u;u*)]. Let f = f + g: It is obvious
that f sends n units of flow to t. Let 8 be the excess
vector of f, ie., @8 = {f~ii tiem . The feasibility of f
on G[max(u;u*)] implies 8 < max(u;u*). Since each
circuit in g contains only one flow-absorbing loop, which
is t, we can see that the excess vector of g, {Gi }iem = 0.
Thus, 8 = U + {Gi }iem = u s,
Now, we only need to check the second requirement.
For contradiction, we suppose (&;n) > (u*;n) +
(u;fe) = c(f *) +c(f ). First we can see that c(g) +
Therefore, (8;n) < c(f) =
f +9) =c(f)+c(g) =c(f*) —c(h). Hence, we have
f*)+c(f) < (a;n) <c(f*)—c(h) or equivalently
f)+4+c(h) = c(f +h) < 0. But, by Lemma 3.1.4,
f +h is also a feasible flow in G[max(u;u*)] that has f;
units of flow entering t. Therefore, c(f + h) can not be
negative. The contradiction proves the lemma. |

Using an argument similar to that in Lemma 3.4,
we can show the following lemma. The key difference
is to use the flow obtained from Lemma 4.1, instead of
the optimal flow use in the proof of Lemma 3.4.

Lemma 4.2. For any u such that
|u] <n, the following holds:

(u) < +oo and

min (i; ; u) < nciu?.

Proof. Let f, f be the generalized flows corresponding
to (u) and (@), respectively, where B is the excess
vector obtained in Lemma 4.1. Consider the flow
f —f and apply the conformal decomposition lemma.
We group the obtained circuits in the same way as
in Lemma 3.4. Since 8 > u, each group must be
a collection of (possibly non-simple) paths that carry
some units of flow from a facility (machine) node to the
sink. Therefore, the cost to flow ratio of any such group
can be used as an upper bound of min;.  (i; ; u). The
rest of the proof proceeds the same way as Lemma 3.4.
Note that we do not need to pay the additional factor
involving and . O

Using Lemma 4.2 and the same argument as in
Section 3, we can easily show Theorem 4.3.

4.3 Generalized Submodular Covering In this
section, we discuss our improvement on the generalized

3By default, we use (i;i) to denote the ow-generating arc. If
we write g; < 0, that means a positive ow on the arc of the
opposite ( ow-absorbing) direction.

submodular covering (GSC) problem [3], defined as
follows. The programs of GSC are of the following form.

X xa
minimize Liyi + G X
i=1 j=1
subject to Az = b;where z = (y1;:::;Ym; X1;::5;Xq);

yi € {0;1};0 <x; <uj Vi;j

Moreover, b consists of nonnegative integers, ! ; and
¢ are nonnegative and A is a K x (m + @) matrix, where
the entries in the k x m submatrix A’ are nonnegative
integers and the k x g submatrix A" is an “incidence
matrix”. Namely, each column of A" contains exactly
one “1”7, one “— 1" and “0” elsewhere.

Now, we construct an equivalent GMA instance
which consists of m + k + 1 nodes. The first m nodes

For each v; and wj, there is an arc from Vv; to wj with
capacity Aj; . For each wj, there is an arc from w; to t
with capacity bj. For the j th column of A”, there is an
arc with capacity U; and cost ¢ from the node wy to
Wy if the ath and bth row of that column are —1 and 1
respectively. All arcs are just normal arcs, i.e., the gain
factor is 1. The cost function on machine i is!{(0) =0
and !'i(x) =1!; for x > The goal is to open some
machines and push [b| = | bj units of flow into t such
that the total cost is minimized.

As we remarked in Section 3, our results for GMA
still hold even if the underlying network is a general
graph. In fact, we can just use the greedy algprithm
developed for UniFL, since the assignment cost  ; G X;
in GSC can be also captured by a standard network
flow computation. The only change is to replace n,
the amount of flow needed to send to t, by |b|. If |b]
is polynomial in the input size, the algorithm clearly
runs in polynomial time and the approximation bound
extends trivially.

Theorem 4.4. If |b| is bounded by a polynomial of
the input size, there is a polynomial timeln |b| + 1-
approximation for GSC.

Now, we briefly sketch the greedy algorithm for the
case when |b| is not polynomially bounded in the GSC
problem. The only change we need to make is that
in Algorithm 3, we restrict the increment  to be an
integer at least max{w; 1} in each iteration. Using
the same proof as in Lemma 3.4, we can show that

1. if || — |u| > n 2, then

n C(u*)
< 1+ ;
; bl —u[ [b] —u



=1 and
C(u~) .

2. if |b| — [u| < n?, then

min (i; ; u) < :
pin (55 W) < BT

In either case, we have that min; (i;; u) < 14

% \(b:\(3|u) L Hence, the overall approximation ratio is

(1+ 3)(n|b| +1) = (14 o(1))In|b|. To see the
polynomial running time, we notice that the demand
Ib| —|u| decreases by a factor of 1 — % in each iteration.
Therefore, there are at most flogl_n% Ib| ~ n?log|b|

iterations.

Theorem 4.5. There is a polynomial time (1 +
0(1)) In |b|-approximation for GSC, even when|b| is not
polynomially bounded.

Theorem 4.4 and 4.5 immediately imply tighter ap-
proximations for several network design problems that
can be modeled by GSC, such as the average cost center
problem, the fault tolerant facility location problem and
the (non-metric) capacitated facility location problem.
See [3] for their definitions and how to formulate them
using GSC.

5 Machine Activation with Linear Constraints

In this section, we consider the machine activation
problem where, for each machine, there is a constant
number d of linear constraints. We denote this problem
by MALC. The following integral linear program gives
us the optimum schedule.

X
(5.3) minimize LiYi

ieM

X
subject to Pik Xij <Tiw; VieM;k =1;:::;d
j)g\]
Xj =1, Vi €J; x5 <y Viij;

ieM

Xij 3 ¥i € {0;1} Vij]

For each machine i € M , we have a constant number d of
linear constraints and we use K to index the constraints.
We force Xj = 0 if pjx > Ti for some k. By relaxing
the constraint Xj ;yi € {0;1} to Xj;yi € [0;1], we
obtain the linear program relaxation. The main result
of this section is the following:

Theorem 5.1. For any constant > 0, there is a
polynomial time randomized algorithmghat returns an
integral scheduleXj ;Y;, such that (1) i ea Pik Xij <
(2d + )Tk for each opened machine P(Yi = 1) and
each 1 <pk < dwp. 1. (2) E[ ;o 'iVvi] <

O(EIOgn) ieM ! iYi-

If d = 1, we obtain a (2 + ;O (Llogn))-
approximation for the basic version of MA. This
matches the approximation ratio obtained by the round-
ing scheme in [23].

We need some notations first. Let R;P be the
fractional optimal solution. We assume it is a basic
solution, i.e. it corresponds to a vertex of the polytope
of LP(5.3). If by = W, we say edge (i;j ) is tight,
ot};ﬁrwise we call it oating. A job | is called -tight
i ) is tight Rj > . We call the graph induced by
all floating edges the oating graph and denote it by F.

Our algorithm gradually modifies 7 and kj; values.
B values are unchanged throughout. During the itera-
tions, we set floating Ry either to ¥ or to 0. F always
contains only floating edges. Let @:(i) be the set of
edges incident on node i in F and degr(i) = |@(i)].
Let F[S] denote the subgraph of F induced by the sub-
set S of vertices. If degr(V) = 1, we say node V is a
singleton

The algorithm consists of three phases. See Algo-
rithm 4 for the details. We can think of as a small
constant, e.g., 0:1. Phase 1 contains a repeat loop. The
loop repeatedly does the following: (1) throwing -tight
jobs out of F and setting ® values to zero for all float-
ing edges incident on it; (2) making all edges incident
on a low degree machine (deg < 2d — 1) or a singleton
job tight. We show in Lemma 5.2, that F has a spe-
cial structure after executing the loop. Then, if the ®
value is less than for any non-isolated machine node,
we remove its adjacent edges and go back to the repeat
loop. After Phase 1, F has a special structure and all
non-isolated machines have ¥ values at least . Phase
2 further modifies the structure of F by making use of
these properties. The details of Phase 2 are provided af-
ter Lemma 5.2. After Phase 2, we have either k; =
or Bj =0 for all i;j, and all jobs are -tight. In Phase
3, we scale up the fractional solution by a factor of %
and get a instance of set cover where a machine i covers
all jobs j with kj = ¥. We finally apply a standard
rounding scheme.

Lemma 5.1. Let k; b be any vertex solution of LP(5.3).
Throughout the execution of the algorithm, for any
subsetsS; CM and S, C J,

|E(F[S1US2))| < d|Ss] + |Sz]:

Proof. It suffices to only consider F at the beginning
since we never introduce more floating edges during the
execution. Suppose the lemma is not true. Consider
the following system of linear equations with variables
Xij 5 (I,] ) S .7:[51 U Sg]:

X X

Piik Xij <

j €S2 j €S2


















