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Abstract

This paper discusses how to efficiently choose from n unknown distributions the k
ones whose means are the greatest by a certain metric, up to a small relative error.
We study the topic under two standard settings—multi-armed bandits and hidden
bipartite graphs—which differ in the nature of the input distributions. In the for-
mer setting, each distribution can be sampled (in the i.i.d. manner) an arbitrary
number of times, whereas in the latter, each distribution is defined on a population
of a finite size m (and hence, is fully revealed after m samples). For both set-
tings, we prove lower bounds on the total number of samples needed, and propose
optimal algorithms whose sample complexities match those lower bounds.

1 Introduction

This paper studies a class of problems that share a common high-level objective: from a number n
of probabilistic distributions, find the k ones whose means are the greatest by a certain metric.

Crowdsourcing. A crowdsourcing algorithm (see recent works [, T3] and the references therein)
summons a certain number, say k, of individuals, called workers, to collaboratively accomplish
a complex task. Typically, the algorithm breaks the task into a potentially very large number of
micro-tasks, each of which makes a binary decision (yes or no) by taking the majority vote from the
participating workers. Each worker is given an (often monetary) reward for every micro-task that
s/he participates in. It is therefore crucial to identify the most reliable workers that have the highest
rates of making correct decisions. Because of this, a crowdsourcing algorithm should ideally be
preceded by an exploration phase, which selects the best k workers from n candidates by a series of
“control questions”. Every control-question must be paid for in the same way as a micro-task. The
challenge is to find the best workers with the least amount of money.

Frequent Pattern Discovery. Let B and W be two relations. Given a join predicate Q(b; w), the
Jjoining power of a tuple b 2 B equals the number of tuples w 2 W such that b and w satisfy Q. A
top-K semi-join [14, 7] returns the k tuples in B with the greatest joining power. This type of semi-
joins is notoriously difficult to process when the evaluation of Q is complicated, and thus unfriendly
to tailored-made optimization. A well-known example from graph databases is the discovery of
frequent patterns [14], where B is a set of graph patterns, W a set of data graphs, and Q(b;w)
decides if a pattern b is a subgraph of a data graph w. In this case, top-k semi-join essentially returns
the set of k graph patterns most frequently found in the data graphs. Given a black box for resolving
subgraph isomorphism Q(b; w), the challenge is to minimize the number of calls to the black box.

We refer to the reader to [[14, 5] for more examples of difficult top-k semi-joins of this sort.
1.1 Problem Formulation
We first define four problems that capture the essence of the above applications.

Multi-Armed Bandit. We consider a standard setting of stochastic multi-armed bandit selection.
Specifically, there is a bandit with a set B of n arms, where the i-th arm is associated with a Bernoulli



distribution with an unknown mean ; 2 (0; 1]. In each round, we choose an arm, pull it, and then
collect a reward, which is an i.i.d. sample from the arm’s reward distribution.

Given a subset V. B of arms, we denote by a;(V ) the arm with the i-th largest mean in V, and

by ;(V)the meanofa,;(V). Define .,z(V) =% Zf:l +(V), namely, the average of the means of
the top-k armsin V.

Our first two problems aim to identify k arms whose means are the greatest either individually or
aggregatively:

Problem 1 [Top-k Arm Selection (k-AS)] Given parameters 2 (0; %) ;2 (0; %), and K
N=2, we want to select a K-sized subset V| of B such that, with probability at least 1, it holds that

(V) (1) «(B); 8 ke

Furthermore, we study a variation of k-AS where we change the multiplicative guarantee ;(V)

(1 ) 4(B)toanadditive guarantee ;(V) ;(B) ’and keep all the other settings unchanged.
We refer to the modified problem as Top-k,qq Arm Selection(k,qq-AS). Note that k,4q-AS achieves
a strictly stronger guarantee than EXPLORE-k (see Footnote B). Since we have ; 2 (0;1], the
multiplicative guarantee in k-AS is always stronger than the addtive guarantee in K,qq-AS.

Problem 2 [Top-ka,e Arm Selection (Kayg-AS)] Given the same parameters as in K-AS, we want
to select a K-sized subset VI of B such that, with probability at least 1 , it holds that

ag(V) (1) ag(B):

For both problems, the cost of an algorithm is the total number of arms pulled, or equivalently, the
total number of samples drawn from the arms’ distributions. For this reason, we refer to the cost
as the algorithm’s sample complexity. It is easy to see that k-AS is more stringent than K,yg-AS;
hence, a feasible solution to the former is also a feasible solution to the latter, but not the vice versa.

Hidden Bipartite Graph. The second main focus of the paper is the exploration of hidden bipartite
graphs. Let G = (B; W, E) be a bipartite graph, where the nodes in B are colored black, and those
in W colored white. Set n = jBj and m = jwWj. The edge set E is hidden in the sense that an
algorithm does not see any edge at the beginning. To find out whether an edge exists between a
black vertex b and a white vertex w, the algorithm must perform a probe operation. The cost of the
algorithm equals the number of such operations performed.

If an edge exists between b and w, we say that there is a solid edge between them; otherwise,
we say that they have an empry edge. Let deg(b) be the degree of a black vertex b, namely, the
number of solid edges of b. Given a subset of black vertices V B, we denote by b;(V) the
black vertex with i-th largest degree in V, and by deg, (V) the degree of b;(V ). Furthermore, define

deg,g (V) = £ 30 deg;(V).

We now state the other two problems studied in this work, which aim to identify k black vertices
whose degrees are the greatest either individually or aggregatively:

Problem 3 [k-Most Connected Vertex [14] (k-MCV)] Given parameters 2 (0;%); 2 (0; 75),
and K N=2, we want to select a K-sized subset V| of B such that, with probability at least 1 LIt
holds that

deg;(V) (1 )deg;(B); 8i k:

Problem 4 [k,,4-Most Connected Vertex (Kavg-MCV)] Given the same parameters as in K-MCV,
we want to select a K-sized subset\I' of B such that, with probability at least 1, it holds that

deg,, (V) (1 )deg,,(B):

A feasible solution to k-MCYV is also feasible for k,,,-MCV, but not the vice versa. We will refer to
the cost of an algorithm also as its sample complexity, by regarding a probe operation as “sampling”
the edge probed. Note that there is no randomness in the given instance of k-MCV or K,,z-MCV.
However, for any deterministic algorithm, the adversary can force the algorithm to always probe
Q(mn) edges. Hence, we only consider randomized algorithms.

Relevance and Discrepancy. One notable distinction of our formulations from most previous work
(e.g., [8, B, I, 18]) is that we require a small multiplicative error instead an additive one. While
this seems to be a technical nuance, we have several motivating reasons. First, an multiplicative



error is a more stringent requirement, in particular when the optimal solution is very small (this
scenario is especially relevant in the hidden graph problems where the maximum degree can be much
smaller than the total number of nodes). It may appears that we can always set the additive error
"= .g(B) (ag(B) is the optimal value of k,,z-AS) and use the previous algorithms developed
for additive errors. However, a priori estimate of the optimal value may not be available at all
(e.g., in the semi-join application mentioned before) and a wrong estimate may lead to completely
meaningless result. Lastly, even if a good estimation of the optimal value is known magically in
advance, directly applying the previous algorithms would lead to suboptimal sample complexity
(see Section 3 for details).

k-MCV can be reduced to k-AS. Given a hidden bipartite graph (B; W; E), we can treat every
black vertex b 2 B as an “arm” associated with a Bernoulli reward distribution: the reward is 1 with
probability deg(b)=m (recall m = jWj), and 0 with probability 1 ~ deg(b)=m. Any algorithm A for
k-AS can be deployed to solve k-MCV as follows. Whenever A samples from arm b, we randomly
choose a white vertex w 2 W, and probe the edge between b and w. A reward of 1 is returned to A
if and only if the edge exists.

k-AS and k-MCYV differ, however, in the size of the population that a reward distribution is defined
on. For k-AS, the reward of each arm is sampled from a population of an indefinite size, which can
even be infinite. Consequently, k-AS nicely models situations such as the crowdsourcing application
mentioned earlier.

For k-MCV, the reward distribution of each “arm” (i.e., a black vertex b) is defined on a population
of size m = jWj (i.e., the edges of b). This has three implications. First, k-MCV is a better
modeling of applications like top-k semi-join (where an edge exists betweenb 2 B and w 2 W
if and only if Q(b; w) is true). Second, the problem admits an obvious algorithm with cost O(nm)
(recall n = jBj): simply probe all the hidden edges. Third, an algorithm never needs to probe the
same edge between b and w twice—once probed, whether the edge is solid or empty is perpetually
revealed. We refer to the last implication as the history-awareness property.

Remark. The above discussion on k-AS and k-MCV also applies to K,,g-AS and k,,,-MCV.
For each of above problems, we refer to an algorithm which achieves the precision and failure
requirements prescribed by and asan ( ; )-approximate algorithm.

1.2 Previous Results

Problem 0. Sheng et al. [I4] presented an algorithm? that solves k-AS with expected cost

No lower bound is known on the sample complexity of k-AS. The closest work is due to Kalyanakr-
ishnan et al. [1]. They considered the EXPLORE-k problem, where the goal is to return a set V of
k arms such that, with probability at least 1~ , the mean of each arm in V is at least (B) .
They showed an optimal algorithm with sample complexity ©( 7 log g) in expectation by estab-
lishing a matching lower bound. Note that EXPLORE-k ensures an absolute-error guarantee, which
is weaker than the individually relative-error guarantee of k-AS. Therefore, the same EXPLORE-k
lower bound also applies to k-AS.

The readers may be tempted toset ' = (B) to derive a “lower bound” of (% Gy log §)

for k-AS. This, however, is clearly wrong because when (B) = o(1) (a typical case in practice)
this “lower bound” may be even higher than the upper bound of [4] mentioned earlier. The cause
of the error lies in that the hard instance constructed in [IT] requires ((B) = Q(1).

ProblemB. The O(gﬁ log %) upper bound of [T4] on k-AS carries over to K,,¢-AS (which, as
mentioned before, can be solved by any k-AS algorithm).

Zhou et al. [18] considered an OPTMAI problem whose goal is to find a k-sized subset V such
that .g(V)  ae(B) " holds with probability at least 1 . Note, once again, that this is an
absolute-error guarantee, as opposed to the relative-error guarantee of K,.z-AS. For OPTMAI, Zhou

et al. presented an algorithm with sample complexity O(2% (1 + W)) in expectation. Observe

€

that if ,.¢(B) is available magically in advance, we can immediately apply the OPTMAI algorithm
of [6] to settle Kayg-AS by setting ' = avg(B). The expected cost of the algorithm becomes

The algorithm was designed for k-MCV, but it can be adapted to k-AS as well.



Table 1: Comparison of our and previous results (all bounds are in expectation)

problem sample complexity source
) tL)Jppegi O (5 gplogh [14]
oun
-AS o g% ek:(LB) log % new
lower Q (" log %) [1]
bound Q (52 HA(B) log 5) new
O( 2 Ok(B) log *> [14]
upper Iog(l/é) -
bound O (62 @ Vg(B))‘Z (1 + )) [16]
|-(,3\V§ O (62 7s(B) (1 + Iog(l/&))) new
tI)owecrj Q (— (1 + M [16]
oun
Q (52 () (1 + '09(1/6)» new
upper O (min | & deg ) log %;nm [T4]
k bound .
-MCV O ( min ?W 10g E' nm new
lower Q (& agimylogs) if degu(B) Q(%log) ow
bound Q(nm) if deg, (B) < O(%)
O (min { 3 gogZpy log :nm} ) [12]
upper  m w2 log(1/6) ) . -
bound o (mm{?(degm(B))Q (1 TR >'”m}) [16]
Kav, S n_m log(1/4) .
<y 0 (mln {E—Qdegavg(B) (1 + = ) ,nm}) new
n m log(1/4) H 1 n
|0W€I‘ Q <?Wg(3) (1 + OQT)) |f degavg(B) 9(62 10g 3) new
bound | | o(nm) if deg,ye(B) < O(%)

O(& gy (L + 199(1/9))) (which is suboptimal. See the table).

No lower bound is known on the sample complexity of K,,-AS. For OPTMAI, Zhou et al. [16]

proved a lower bound of (% (1 + M)), which directly applies to K,,-AS due to its stronger
quality guarantee.

Problems B and 8. Both problems can be trivially solved with cost O(nm). Furthermore, as
explained in Section I, K-MCV and K,,,-MCV can be reduced to k-AS and K,,,-AS respectively.
Indeed, the best existing k-AS and K,.g-AS algorithms (surveyed in the above) serve as the state of
the art for k-MCV and k,,.-MCV, respectively.

Prior to this work, no lower bound results were known for k-MCV and Kk,,s-MCV. Note that none
of the lower bounds for k-AS (or k,.g-AS) is applicable to k-MCV (or k,,-MCV, resp.), because
there is no reduction from the former problem to the latter.

1.3 Our Results

We obtain tight upper and lower bounds for all of the problems defined in Section 0. Our main re-
sults are summarized in Table @ (all bounds are in expectation). Next, we explain several highlights,
and provide an overview into our techniques.

k-AS. Our algorithm improves the log n factor of [14] to log k (in practice k  n), thereby achiev-
ing the optimal sample complexity (Theorem o).

For Kaqq-AS, we can solve it with the sample complexity Q( 7 log %) by slightly modifying our
algorithm for k-AS (Theorem B). Note that the sample complexity of the modified algorithm is
exactly the same as the algorithm in [I0] for EXPLORE-K, however our algorithm achieves a strictly
stronger guarantee than EXPLORE-K®.

2 Our problem guarantees that 6;(V) > 6;(B) — ¢ for all i € [k] while EXPLORE-k guarantees that
0;(V)) > 0,(B) — ¢ forall i € [k].



Our analysis for k-AS is inspired by [8, 10, I1] (in particular the median elimination technique in
[B]). However, the details are very different and more involved than the previous ones (the applica-
tion of median elimination of [B] was in a much simpler context where the analysis was considerably
easier). On the lower bound side, ours is based on and very similar to the argument of [IT]. We need
to get rid of the ;(B) = (1) assumption (as explained in Section [2), which requires several
changes in the analysis (Theorem B).

kawg-AS. Our algorithm improves both existing solutions in [14, 6] significantly, noticing that both

1(B) and ( .z(B))? are never larger, but can be far smaller, than ,,,(B). This improvement re-
sults from an enhanced version of median elimination, and once again, requires a non-trivial analysis
specific to our context (Theorem B). Our lower bound is established with a novel reduction from the
1-AS problem (Theorem B). It is worth nothing that the reduction can be used to simplify the proof
of the lower bound in [, Theorem 5.5] .

k-MCV and k,,,-MCV. The stated upper bounds for k-MCV and K,.,s-MCV in Table 0 can be
obtained directly from our k-AS and k,,s-AS algorithms. In contrast, all the lower-bound arguments
for k-AS and k,.g-AS—which crucially rely on the samples being i.i.d.—break down for the two
MCYV problems, due to the history-awareness property explained in Section .

For k-MCV, we remedy the issue by (i) (when deg, (B) is large) a reduction from k-AS, and (ii)
(when deg,, (B) is small) a reduction from a sampling lower bound for distinguishing two extremely
similar distributions (Theorem B). Analogous ideas are deployed for k,,,-MCV (Theorem @). Note
that for a small range of deg,,(B) (i.e., (%) < deg,(B) < O(%log %)), we do not have the
optimal lower bounds yet for k-MCV and k,,s-MCV. Closing the gap is left as an interesting open
problem.

2 Top-k Arm Selection

In this section, we describe a new algorithm for the k-AS problem and its variation k,qq-AS. We
present the detailed analysis in Appendix B.

Our k-AS algorithm consists of three components: ME-AS, Median Elimination (ME), and Uniform
Sampling (US), as shown in Algorithms [, B, and B, respectively.

Given parameters B, , , k (as in Problem @), ME-AS takes a “guess” (Line 2) on the value of
(B), and then applies ME (Line 3) to prune B down to a set S of at most 4k arms. Then, at Line
4, US is invoked to process S. At Line 5, (as will be clear shortly) the value of AUS(ak) is what
ME-AS thinks should be the value of ,(B); thus, the algorithm performs a quality check to see
whether AUS(ak) is larger than but close to . If the check fails, ME-AS halves its guess (Line 2),
and repeats the above steps; otherwise, the output of US from Line 4 is returned as the final result.

ME runs in rounds. Round “ (= 1;2;:::) is controlled by parameters S,, ¢, », and , (their values
for Round 1 are given at Line 1). In general, S, is the set of arms from which we still want to sample.
For eacharm a 2 S;, ME takes Q, (Line 4) samples from a, and calculates its empirical value A(a)
(Lines 5 and 6). ME drops (at Lines 7 and 8) half of the arms in S, with the smallest empirical
values, and then (at Line 9) sets the parameters of the next round. ME terminates by returning S, as
soon as jSyj is at most 4k (Lines 3 and 10).

US simply takes Q samples from each arm a 2 S (Line 2), and calculates its US-empirical value

AUS(a) (Lines 3 and 4). Finally, US returns the k arms in S with the largest US-empirical values
(Lines 5 and 6).

Remark. If we ignore Line 3 of Algorithm @ and simply set S = B, then ME-AS degenerates into
the algorithm in [14].

Theorem 1 ME-AS solves the K-AS problem with expected cost O (6’—; Gk%B) log %)

Furthermore, we extends the proof in [(C1] and establish the lower bound for k-AS problem as shown
in Theorem B.

Theorem 2 For any 2 (O; %) and 2 (O; %), given any algorithm, there is an instance of the
K-AS problem on which the algorithm must entail (2 m log %) cost in expectation.
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Algorithm 1: ME-AS

input: B, , ,k

for =1=2;1=4;:::do
S=ME(B; ; ; ;k);
f(ay; AUS(ai))J'l i kg=US(S; ; ;1 =2) ;k);
if US(a,) 2 then

Algorithm 2: Median Elimination (ME)

input: B, , , Kk

8128!1::16112 :81 1= land‘:]-l

while jS,j > 4k do
sample every arm a 2 S, for Q, = (12= 2)(1= ;) log(6k= ;) times;
for eacharma 2 S, do

L its empirical value (a) = the average of the Q, samples from &;
ar;:.:;ag,| = the arms sorted in non-increasing order of their empirical values;
Se+1 = Tag;iiia5,/20;
L 1 =3 074 1= 72 +1=(1  4) pand*="+1;
return Sy;

Algorithm 3: Uniform Sampling (US)

input: S; ; ; &k
sample every arma 2 S for Q = (96= 2)(1= ;) log(4jSj= ) times;
for eacharma 2 S do

L its US-empirical value AUS(a) = the average of the Q samples from a;
ai;:::;ayg = the arms sorted in non-increasing order of their US-empirical values;
return f(a;; YS(aq));:: ;s (ar; YS(an))g

For k,qq-AS, we simply drop the “guess” stage of ME-AS and adjust the parameters appropriately.
We call such the algorithm Additive Median Elimination (AME). We present the detailed algorithm
and analysis for AME in Appendix B4.

Theorem 3 AME solves the Kyqq-AS problem with expected cost O (E% log %)
3 k-MOST CONNECTED VERTEX

This section is devoted to the k-MCV problem (Problem B). We will focus on lower bounds because
our kK-AS algorithm in the previous section also settles k-MCV with the cost claimed in Table @ by
applying the reduction described in Section 0. We establish matching lower bounds below:

Theorem 4 For any 2 (0; %) and 2 (O; %), the following statements are true about any
k-MCV algorithm:

when deg,(B) Q (e% log %L) there is an instance on which the algorithm must probe
QA& ﬁ log %) edges in expectation.

when deg,(B) < O(2), there is an instance on which the algorithm must probe (nm)
edges in expectation.

For large deg,(B) in Theorem B, we utilize an instance for k-AS to construct a random hidden
bipartite graph and fed it to any algorithm solves k-MCV. By doing this, we reduce k-AS to k-
MCV and thus, establish our first lower bound.

For small deg, (B), we define the single-vertex problem where the goal is to distinguish two ex-
tremely distributions. We prove the lower bound of single-vertex problem and reduce it to k-MCV.
Thus, we establish our second lower bound. The details are presented in Appendix O.



4 Top-ka,e Arm Selection

Our kayg-AS algorithm QE-AS is similar to ME-AS described in Section B, except that the parame-
ters are adjusted appropriately. We present the details in Appendix D.

Theorem 5 QE-AS solves the Kayg-AS problem with expected cost O (6% eavgl(B) (1 + log(kl/é)>)_

We establish the lower bound for k,.g-AS as shown in Theorem B.

Theorem 6 For any 2 (0;1—12) and 2 (O;%), given any ( ; )-approximate algo-
rithm, there is an instance of the Kag-AS problem on which the algorithm must entail

Q (6% eavgl(B) (1 + Iog(kl/é))> cost in expectation.

We show that the lower bound of K,,-AS is the maximum of Q(e%eav:(s) Iog(;/6)> and

Q (E% vl(B)). Our proof of the first lower bound is based on a novel reduction from 1-AS. We
stress that our reduction can be used to simplify the proof of the lower bound in [18, Theorem 5.5].

5 kae-MOST CONNECTED VERTEX

Our k,vg-AS algorithm, combined with the reduction described in Section [, already settles K,yg-
MCV with the sample complexity given in Table @. We establish the following lower bound and
prove it in Appendix B.

Theorem 7 For any 2 (0; %) and 2 (O; %), the following statements are true about any
Kavg-MCV algorithm:

when deg,,,(B) (6% log %) there is an instance on which the algorithm must probe
n m log(1=")
Q= 1
(5 d62,04(B) (1425

when deg,(B) < O(L), there is an instance on which the algorithm must probe (nm)
edges in expectation.

edges in expectation.

6 Experiment Evaluation

We first compare ME-AS and AMCYV [4] for k-MCV problem and we provide the additional
experimental results in Appendix B. We use two synthetic data sets and one real world data set to
evaluate the algorithms. Each data is represented as a bipartite graph with n = m = 5000. For
the synthetic data, the degrees of the black vertices follow a power law distribution. For each black
vertex b 2 B, its degree equals d with probability c(d + 1)~™ where is the parameter to be set and
c is the normalizing factor. We build two bipartite graphs by setting the proper parameters in order
to control the average degrees equal to 50 and 3000 correspondingly. For the real world data, we
crawl 5000 active users from twitter with their corresponding relationships. We construct a bipartite
graph G = (B;W; E) where each of B and W represent all the users and E represents the 2-hop
relationships. We say two users b 2 B and w 2 W has a 2-hop relationship if they share at least one
common friend.

As the theoretical analysis is rather pessimistic due to the extensive usage of the union bound, to
make a fair comparison, we adopt the same strategy as in [[4], i.e., to divide the sample cost in
theory by a heuristic constant . We use the same parameter = 2000 for AMCV as in [I4].
For ME-AS, we first take = 107 for each round of the median elimination step and then we use
the previous sample cost dividing 250 as the samples of the uniform sampling step. Notice that it
does not conflict the theoretical sample complexity since the median elimination step dominates the
sample complexity of the algorithm.

We fix the parameters = 0:1;k = 20 and enumerate from 0:01 to 0:1. We then calculate
the actual failure probability by counting the successful runs in 100 repeats. Recall that due to
the heuristic nature, the algorithm may not achieve the theoretical guarantees prescribed by ( ; ).
Whenever this happens, we label the percentage of actual error , it achieves according to the failure
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Figure 1: Performance comparison for k-MCV vs.
probability . For example 2:9 means the algorithm actually achieves an error , = 0:029 with
failure probability . The experiment result is shown in Fig 0.

As we can see, ME-AS outperforms AMCYV in both sample complexity and the actual error in all
data sets. We stress that in the worst case, it seems ME-AS only shows a different whenn k.
However for the most of the real world data, the degrees of the vertices usually follow a power law
distribution or a Gaussian distribution. For such cases, our algorithm only need to take a few samples
in each round of the elimination step and drop half of vertices with high confidence. Therefore, the
experimental result shows that the sample cost of ME-AS is much less than AMCV.

7 Related Work

Multi-armed bandit problems are classical decision problems with exploration-exploitation trade-
offs, and have been extensively studied for several decades (dating back to 1930s). In this line of
research, k-AS and k,.z-AS fit into the pure exploration category, which has attracted significant at-
tentions in recent years due to its abundant applications such as online advertisement placement [8],
channel allocation for mobile communications [2], crowdsourcing [18], etc. We mention some
closely related work below, and refer the interested readers to a recent survey [d].

Even-Dar et al. [B] proposed an optimal algorithm for selecting a single arm which approximates
the best arm with an additive error at most (a matching lower bound was established by Mannor et
al. [2]). Kalyanakrishnan et al. [T0, 1] considered the EXPLORE-K problem which we mentioned
in Section 2. They provided an algorithm with the sample complexity O(Z log %). Similarly,
Zhou et al. [16] studied the OPTMAI problem which, again as mentioned in Section 2, is the
absolute-error version of K,,g-AS.

Audibert et al. [2] and Bubeck et al. [4] investigated the fixed budget setting where, given a fixed
number of samples, we want to minimize the so-called misidentification probability (informally, the
probability that the solution is not optimal). Buckeck et al. [§] also showed the links between the
simple regret (the gap between the arm we obtain and the best arm) and the cumulative regret (the
gap between the reward we obtained and the expected reward of the best arm). Gabillon et al. [9]
provide a unified approach UGapE for EXPLORE-k in both the fixed budget and the fixed confidence
settings. They derived the algorithms based on “lower and upper confidence bound” (LUCB) where
the time complexity depends on the gap between (B) and the other arms . Note that each time
LUCB samples the two arms that are most difficult to distinguish. Since our problem ensures an
individually guarantee, it is unclear whether only sampling the most difficult-to-distinguish arms
would be enough. We leave it as an intriguing direction for future work. Chen et al. [6] studied how
to select the best arms under various combinatorial constraints.
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Organization

The appendix is organized as follows. We first review several useful forms of Chernoff bounds
in Appendix B. In Appendix B, we analyze our algorithm for k-AS and the corresponding lower
bound (Theorem M and B). We also provide the algorithm and the analysis for k,qq-AS in this
section (Theorem B). In Appendix O, we provide the deferred proof of our lower bound for k-
MCV. Next, we provide the deferred analysis of algorithm and the proof of the lower bound for
Kavg-AS (Theorem B and B) in Appendix O. In Appendix B, we prove our lower bound for Kyg-
MCV (Theorem @). Finally, we present the additional experiment evaluation in Appendix B.

A Chernoff Bounds

Pr[X; =0l =1 p;: Define X =Y., X;. Clearly, E[X] = >""_; pi. Then, for0 < <1:

2
Pr[X (1+ )E(X)] exp <I§(X)> : (1)
2
Pr[X (1 JE(X)]  exp <I§(X)> : (2)
For 1:
’ (14 JEX)Y
PrX (1+ )E(X)] exp (6) : (3)
For 0:
o e (A+a)E(X)
PriX (1+ )E(X)] (1 m ) : (4)
2
Pr[X E(X) ] exp ( M) : (5)
PrjX EX)j ] 2exp( 2 2n): (6)
Moreover, suppose B [X;] < afor some real 0 a 1. Foreveryt > 0, we have that
Pr{X=n > a1 < ()" (o)) ©

B Analysis of Top-£ Arm Selection

In this section we analyze our k-AS algorithm. We first analyze the Median Elimination in Appendix
B0 In Appendix B2, we analyze the correctness and the sample complexity which prove Theorem
. Then, we prove Theorem B in Appendix BZ3. Finally, we present the algorithm and the analysis
of Kuqq-AS in Appendix B4.

B.1 Analysis of Median Elimination

This subsection serves as a proof for the following lemma, which says that if the guess  (passed
in by ME-AS) is low enough, with a large probability, ME returns a good arm set S that preserves
approximately the k best arms in B:

Lemma 1 In Median Elimination, if k (B), with probability at least 1 %, ME returns an
arm set S satisfying ;(S) (1 5) «(B)foralli k.

Let us first focus on the “-th round for a specific . Recall that, in this round, ME calculates an
empirical value for each arm in S,. Henceforth, for any subset X Sy, define ;(X) to be the
empirical value of a;(X).

Let E, be the event where the following holds foralli  k:

SN2 (1 5) S+ 4) «(S0)]:
Moreover, we say that an arm a 2 S, is a bad arm if there exists an i k such that (a) <

(1 ¢) i(Se)whereas (a) (1 %) «(Sp).
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Lemma 2 In Round *, if E; occurs and the number of bad arms is no more than @ k, then
i(Sew1) (1 ¢) «(Se) holds foralli k.

Proof: Under E;, no arm a;(Sy) of any i Kk can be bad. To see this, suppose that there exists
J <isatisfying ;(S¢) < (1 ¢) j(Se)but (S,) (1 %) ;(Se). From E,, we have A@(Sg)
I+%) (Se) <A+ )1 o) j(Se)<(1 %) j(Se), which is a contradiction.

When the number of bad arms is at most @ k, at least k arms in Sy, are not bad. Denote the
set of these arms as T. The rest of the proof will establish the claim:

i(T) (L ¢) i(Se), 81 kK
which is sufficient for the lemma to hold.

Suppose that the claim does not hold. Consider the smallesti  ksuchthat ;(T) < (1  ,) (Se).
Since a;(T) is not bad, it holds that ;(T) < (1 %) i(S¢). Event E, suggests that ;(S,)

(1 %) i(Se) = “i(T) which implies that a;(S,) has not been eliminated in this round. This,
together with the fact (shown earlier) that a;(S,) is not bad, indicates that a;(S,) must match an arm
ay(T)withi” i 1.

Forany j <, since ;(Sy) i(Se), we know that ;(T) < (1 ,) ;(S¢). A similar argument
shows that a;(S,) matchesanarma,;-(T)withj’ i 1andyetj’ & i’. This means that the first i
elements of S, form a one-to-one mapping to the firsti 1 elements of T, which is a contradiction.

(|

Lemma 3 Under the condition k (B), iffor all j < *, Median Elimination ensures

i(Sj+1) (1 5) i(S;): 81 k 8)
then, with probability at least 1~ 4, ;(Se+1) (1 ¢) i(Se) holds forall i k.
Proof: By Lemma B, it suffices to show that with probability no lessthan1 4, E; occurs and the
number of bad arms does not exceed % k.

Recall that in ME £(S1) = «(B) = 3. Therefore, from (B), we know (S;)

Hi;ll (1 ;) x(S1) 1. Thus, by Chernoff bounds (@) and (), we have that forany i k:

i) () )

—_o\2
exp( L2, i(sw) o

and also

sy (144) as0] o

By the union bound, the failure probability of E, is at most ,=3.

Next, consider the probability of an arm a being bad. For any i k which satisfies (a) <
(1 ) (Sy),define = 99((5;) (1 %) 1. Wedistinguish two cases:

Case 0 < < 1. From Chernoff bound (),
prl@ (1 5) (s
- Pr[@ (+) @

eXp( %Qe i(Se) 1: )3

11



Recall that = 9;((*235) 1 %) 1 £ (01 %) 1= % and ;% increases

monotonically when > 0. Therefore, we have

Prl'@ (+) @

(I =2 7
o ( F5e s i,
:22
exp( L22h0, xsa) L
Case 1. From Chernoff bound (B), we know

Prl@ (+) @
exp< I_%lq, xsn)

—on2
eXP( ( E;Z) Qe i(Se)) Gﬁ;

where the second last inequality holds due to the fact that @ @ forany 2
(0:3):

By the union bound, the probability of the arm a being bad is at most %‘f.

Let Z; be a Boolean random variable that equals 1 if a; (S,) is a bad arm, and O otherwise. By
Markov’s inequality, we have that

S0 B[22 z]
ISej [ =17
P Z;>— Kk ——
g {; ' 2 ] iSej=2  k
1S =6 24,
iS=2 k 3’
where the last inequality holds because jS,j > 4k for any “.

By the union bound, we conclude that with probability at least 1~ ,, ;(Se+1) (1 ¢) (Se)
holds forall i k. O

We are now ready to prove Lemma M. Suppose that ME terminates after L rounds. Lemma B
suggests that, with probability at least

1 —A-
LY =1 D5y 1 21=1 =4
=1 =1
i(Sp+1) 1;(B)Hf=1 (I ;) holds for all i k. Utilizing the general fact that 2
log(1 ) is true for any 2 (0; 7), we have:

L L
[Ta 5 = e (Z log (1 j))
i=1

j=1
00 3 j—1
exp( 2 1; (4> )
exp( 81)=exp( =2)

1 =2
This completes the proof of Lemma 0.
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B.2 Correctness and Sample Complexity

Analysis of Uniform Sampling. As mentioned in Section B, US was already applied in the algo-
rithm developed in by Sheng et al. [[4]. We can re-use much of their analysis in our context. First,
they proved:

Lemma 4 ([14]) In Uniform Sampling, if x(S), then with probability at least 1 %, Us
returns an arm set\' which satisfies ;(V) (1 5) i(S)foranyi k.

Proof: By the proof of Lemma 8 in [14] and adjusting constants appropriately. O

Next, we show that with a large probability ME-AS terminates at 2 [1 4(B); 4(B)]. If this is
not what happens, one of the following two events must have happened:

(1) Premature: ME-AS terminates when > (B).
(2) Overdue: ME-AS does not terminate after invoking US with < % 4(B).

We say that ME succeeds if the arm set S it returns satisfies ;(S) (1 ) «(B)foralli k.

Nlm

Lemma5 Both of the following statements are true:

(Due to [lI4]) The premature event happens with probability at most =4.

If ME succeeds, the overdue event happens with probability at most =4.

Proof: The first statement has been proved in [14] (see Lemma 9 therein and adjusting constants
appropriately). For the overdue event, when < ,(B)=4, given that ME has succeeded, we have

s=(1 35) < k(S). Define AgS(S) to be the US-empirical value of a;(S). We have:

Pr[“,gfs(S) 2} Pr{A,gS(S) k(B)=2}
“Us k(S)
SRR
PrP(s) (1 =2) k(S)]
(by @) =4;
where the third inequalityusedthefactthat2(1_716/2) (1 %) holdsforany 2 (0;%). O

Correctness of ME-AS. Combining Lemmas [, @, and B, we now prove:

Lemma 6 With probability at least 1 , ME-AS returns an arm set I which satisfies ;(V)
(1 ) i«(B)forali k.

Proof:. If the premature event does not occur, we have that x(B). Provided that ME has
succeeded, Lemma B has showed that, with probability at least 1 %, ME-AS terminates at 2
X x(B); x(B)]. ME having succeeded ensures ;(S) (1 £) ;(B)foralli k. Hence,

s x(S). Then, by Lemma B, we know that with probability at least 1 %, the following holds
foralli k:

(V) (1 =2)4(S)

The premature event occurs with probability at most %. By Lemma [, ME fails with probability only
at most % when (B). Lemma B thus follows from the union bound. O

Sample Complexity of ME-AS. We first analyze the cost of ME and US under a specific . This is
trivial for US, for which the answer is obviously O(E%% log %) (recall that jSj ~ 4k).
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Regarding thé-th round of ME, we knowSjj = 5", - =(3=4) '=16, - =(1=2) '=8 and
<= ::11 (I j)uu (@ =2) 78 ).Hence, the cost of ME is bounded by:

X 121 6k

——log — JS]
=1 |
2 !
= O \1§ - IogE+‘+1 Ll
o (3 —)2
=1 4 16 |
X g8 'ni1 '
= 0 \ 3 —— log—+
=1
ni k
= O —-—log-

We have proved that one for-iteration of ME-AS (i.e., Lines 3-6 of Algorifijrander a speci c
has cosO(X 1 logX). The cost doubles each time when we halve the parametentil  drops

below (B)=4. Hence, the total complexity so far@s(%ﬁ log ¥).

It remains to show that if ME-AS terminates ak ¢ (B)=8, the extra cost is still bounded by

o(% k(lB) log X) in expectation. From LemmakandB, we know that, at every< (B)=8,

ME-AS fails to terminate with probability at most2. Thus, its cost fomll < ¢(B)=8is
bounded by

n 1 Kk * Pl
o — log — -
2 (B) 0 2
n 1 k
= 0 — log —
2k(B)g

We thus have proved Theoreln

k

Theorem 1 ME-AS solves thk-AS problem with expected coét % (18) logk .

B.3 Lower Bound
This subsection serves as a proof for:

Theorem2 Forany 2 0, and 2 0;;5 , given any algorithm, there is an instance of the

48
k-AS problem on which the algorithm must entdil & —— log ¥) cost in expectation.

k(B)
Hard Instances. We usea;;:::;a, to represent the arms inB. Letl, denote the collection of
all thex-sized subsetdfl = fay;:::;a,g. ForeacH 21« [l « 1, we create an instance with:
(a1) = (1+4) 9)
(&) = (1+8); 8a 21 (10)
() = ; 8 2Unl (1))

where is an arbitrary real value i(0; %).

We use ;| to denote the instance associated withNotice for 2 0; % 1 Y1+4) >
and(1 )(1+8 ) > (1+4 ) . Thus, by the problem de nition dk-AS, any algorithm, with
probability at leasi ,mustreturfa;g[ | forl 21 1 andreturn forl 21 .

Deterministic Algorithms. We will rst consider an algorithmA deterministic in the following
sense. At the beginning, the rst arm thatsamples from is xed. From then on, iteratively, the
next arm to sample from is always a function of the results of the previous samples (i.e., which
arms have been sampled, in what order, and what are the results). In thia way, be uniquely
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described by distoryW, which is the sequence of arms chosen at each step, and the result of each
sample. Finally, the output & is a function ofw .

Itis important to note thatV is a random variable, due to the randomness from the arms, namely, the
samples taken from them are random. Even on a speci ¢ problem instance, various histarées
occur with different probabilities. Therefore, the costofi.e., the length ofV) is still a random
variable; and alsé may choose to fail on som# , provided that the overall failure probability on

the instance is at most

The crux of our proof is to show that, for any deterministic algoritAmthere existd 2 | 1
such thatA must take at least 32In* samples in expectation to solve theAS problem on

instance | . Assume, on the contrary, thatforan® | ¢ 1, A takes at mosg#1 In ¥ samples
in expectation. We will prove tha& must fail with a probability greater thanon some instance,
with| 21 .

A Deterministic Lower Bound. SetT = &~ 1In¥. De ne random variabld; be the number
of samples thaf takes from arng, . Itis easy to see thd; > 0 (i.e., A must sample at least once

fromg; ).

Given a specicl 2 | ¢ 1, denote byE, [T;] the expectation ofj whenA runs on ;. At most
n=4armsa; 2 U nl satisfy

1 k
E[T]> ————=-In—:
N> go162 1N
Sincek n=2 atleash k I 2K armsa 2 Unl satisfyE [Tj] gz 2 In &, We refer
to these arms awdinary arms For any such an ar@ , by Markov's inequality, we know:
E[T] 1
PriTy >T]< 2= = 12
[T >T]< == (12)

where the subscrigt of Pr, (just like the subscript it ) indicates “conditioned on the speci c
instancd ”.

Now let us x an ordinary arna, . Recall that each of th'Fp*) samples tha# draws froma; is either

lor0. LetX be the sum of all thos§ samples. Set= T In(k=) and de neEx be the event
where bothl; T andX > T ; are true.

Lemma 7 Ex happens with probability at leadt=2.

Proof: By substituting (&) = , we can upper bound the probability&f nothappening by:

Fl’r[T,- >T]+P|r [T T;X T ]
1 4 —
Z+P|r T T, X T T In(k=)
= Z+ Pr(T; =t] Pr X t t In(k=)
t=1
1 1 k
Z+ ) Pr[T; = t] exp éln—
t=1
O T S S
T3P 3 27k 7

where the rst inequality usedl@), and the second inequality is due to Chernoff bous)d (

LetV be the arm set returned ly andEs be the eventtha¥ = | [f a;9. De ne eventEs =
Ern \E g. AsA (when executed on ) returnsl [f a;g with probability at least. ~ , we know
that

Prigs] 1 1=2 2348 (13)
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Let us focus on one specic historW. Consider the instance[f ag 2 |, which can be
conveniently understood as raising the mean ofgrinom to(1+8 ) inthe instancé. Denote
by Pry a ¢[W] the probability of W whenA runs on | 44, and similarly, byPr, [W] the
probability of W on .

Lemma8 Forany 2 (0;%); 2 (0;,5), when conditioned oBs, it holds that
Prlﬁ ajg[vv] 5 .

Pr [W] k-

Proof: As the mean ofy is larger under | 4 4, the ratio of the two probabilities is minimized
when the fewest samples enturn out to be 1 inV. Recall that the everlis ensureX > T
With this, we can derive

Prig a9[W]
Pri [W]
[@+8) 1™ @ @+s) ] V°
T (1 )(1 )i+
: s
_ 1 (1+8)
= a+8) —1
1 (1+8) ~
1
: .
(1+8) 1 (11+8)
@ 12 ), (14)

where the last inequality used the fact that (1 + 8 ) a1 )Y@ 12 )forany 2 0;%.

Eor anyx 2 (0; %), it holds thate * (1 x)% e 2. Using this fact and plugging in=
T In(k= ) andT = 54—~ 2In ¥, we can bound the second term d#) as:

2304 2
1 12 )" = (@1 12 )= "
etk = P (15)
1 (148 ) . . o
To bound the rst term of 14), let us de neg( ) = ( %) . Taking the partial derivative
of Ing( ) with respectto gives:
@ng() _ 1
1 8 1
- 1 : 16
1 8—@1 )2 (16)
It is not hard to verify that for any 2 0; 1—12 ;20 % , the RHS of 16) is strictly less thar,

which implies
1 @ 2 nt 8) = :
o) 9 5 = e =1 8:

Moreover, observe that

1 (1+8)
1+8) —
= (1+8) 1 81—7<(1+8)e8:
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When 2 (0; %), (1+8 )e 8 isstrictly less tharl. Therefore, we have:

1 (1+8

1+ Sl Sl

(1+8) =3

" #T
1 @@a+8)

a+8) —

[(1+8)@ 8)"

= 1 42 mzn”
(=k)l:18:
Combining the above wittt6), we have -4 (=k)5= 5=k forany 2 (0; ).

We will now proceed to analyze the probability B whenA is executed on | 5 . For this
purpose, de nels(W) to be an indicator function that equals 1 if the hista¥y results in the
occurrence ofs, and 0 otherwise (note that on@¢ is given, the output oA is fully determined,
and hence, so iKs). With this, we can derive:

| [fpgj g[EB ] | [fpgj gEES]
= Pr [W]
I'f ajg
W stilg(W)=1
X 5
(by LemmaB) F|>r[W] i

W stils(W)=1
(5 =K) Pr[Es]

(by (13) > 2=k:

Therefore, we have proved that for ahy2 | 1 and any ordinary arma; 2 U n|, the failure
probability of A under instance 1 4 g exceedszk—.

Recall that foranyt 2 | 1, there are at Ieaétz—" ordinary armsg; in U nl. Summing up the
failure probabilities ofA on the instances ; of all J 2 | ¢ leads to:

Priv 6 J]

J)%Ik
X
FJ’r[V = J[f aygnfaq]

J21 ¢ aj2J
X X X

_ FJ’r[V=|[f aig]
120 1a2un 320, st

I [f a39g=J
X
= Pr [V =1]f aiq]
12l g 1ajZUn|| &
X X
= Bl
12« 1aj2Unl a9
X n k 2
7 2 %
121 ¢ 1
_ n 1n k _n — i
T ko1 ko ok
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Algorithm 4: Additive Median Elimination (AME)
1 input: B, , ,k
25, =B, 1= =16 ;= =8and =1;
3 while jS:j > 4k do

4 sample every arm 2 S for Q- = (12= ?)log(6k= -) times;

5 for eacharma 2 S do

6 L its empirical value'(a) = the average of th®- samples frona;

7 ai; .., as.j = the arms sorted in non-increasing order of their empirical values;
8 | S =fay;iil;qs =20

9 | +1 =3 —4, ‘41— *=Zand‘= +1,

10 return S;

Algorithm 5: Additive Uniform Sampling (AUS)

1input: S; ; kK

> sample every arra 2 S for Q = (96 = ?)log(4jSj=) times;

3 for eacharma 2 S do

4 L its US-empirical valuéVS (a) = the average of th@ samples frona;

5 ap; .., &sj = the arms sorted in non-increasing order of their US-empirical values;
6 return f(ag; ™S (a1));: 15 (& VS (ak))g

By the pigeon hole principle, there is at least @n@ | ¢ such thatPr;[V 6 J] > . Asthisis
Inozt Iallowed, we conclude thé&t must take at Iea%t%gﬁl In % samples on the | of at least one
k 1-

Randomized Algorithms. It is standard to extend the above deterministic lower bound to random-
ized algorithms—such an argument can be found, for examplégln With this, we complete the
whole proof of Theoren2.

B.4 Analysis of Topkagg Arm Selection

The algorithm ofkagg-AS is very similar tok-AS. As we do not require a multiplicative guaran-
tee here, we simply drop the “guess” stage and adjust the parameters appropriately, as shown in
Algorithm 4, 5.

Theorem 3 AME solves thé,qq-AS problem with expected cogt % log ¥ .

Proof: The proof the Theorem directly follows Lemmal to Lemmad4, except that we change
the multiplicative guarantee into the additive guarantee and utilize the Chernoff b6uidtfie
analysis instead.

For the lower bound, as we claimed in Sectio, thek,qq-AS problem is stronger than®LORE
k. Therefore, the lower bound fordeLOREK directly applies tkaqq-AS.

C Analysis ofk-MOST CONNECTED VERTEX

This section is devoted to the proof of Theordm

Theorem4 Forany 2 O0; % and 2 O % , the following statements are true about any
k-MCV algorithm:

whendeg, (B) L log™ , there is an instance on which the algorithm must probe
( % de.(87 109 k) edges in expectation.

whendeg, (B) < O (1), there is an instance on which the algorithm must prabem)
edges in expectation.

Proof of Theorem 4 for Large deg, (B ). We prove the rst branch of the theorem by a reduction
from k-AS. Let A be an algorithm solvingt-MCV with expected cosQ. We will deploy A to
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solve the hardk-AS instances created earlier in the proof of TheoZmith sample complexity

Q, and thereby obtaining a lower bound f@r Recall that, to prove Theorethin AppendixB.3,

we associated ead¢h2 |  ; with an instance | for k-AS that is described byg}, (10), and (1).
From |, we construct a random hidden bipartite gr&pk ( B; W; E) withjBj = n andjWj =
wherem  21og2. For thei-th black vertex, we independently make each edge incident on it
solid with probability (& ). The graphG thus constructed is fed as BAMCV input to A. Finally,

we select the armg; into the solution ok-AS if and only if A includes tha-th black vertex in its
(k-MCV) solution.

We denote byd; the degree of thé-th black vertex inG; notice thatd; is a random variable. Set
t = m . By Chernoff bound, we know:
Prfdq (1 =2)1+4 )m]
= Pr[d; (1 =2)(1+4)t]
( 2)2

exp 1+4 )t

Therefore, it % log™ and 2 (0; &), with probability atleast -, we haved; (1 5)(1+
4)t  (1+3 )t. Similarly, we can show that with probability at ledst -, we haved;  (1+7 )t
foranya; 2 | andd; (1+ )tforanya 2 Unl. Notice thatbotl )(1+7 )t> (1+ )t
and(1 )(1+3 )t> (1+ )t hold. By the union bound, with probability at ledst , A must
select the rst vertex and the vertices corresponding to the arnhsagfits K-MCV) solution set.
Thus, we have obtained &n 2 )-approximate algorithm that solv&sAS on instance | .

On the other hand, the proof of Theorémas showed that arfy, 2 )-approximate&-AS algorithm
must take in expectatiorq 5 (B) log 5 k) samples on the | of at least ond 2 | 1. It thus

follows thatQ = ( % deg ®) log X).

Proof of Theorem 4 for Small deg, (B ). Let us de ne thesingle-vertexproblem:

Suppose that < 122 is a given positive integer. The bipartite graph only has one black

vertexb, andm  maxft+1;64g white vertices. The goal is to distinguish whetdeg(b)
ist ort +1 with probability at least2.

We now give a lower bound for the above problem.

Lemma 9 Any algorithm solving the above single-vertex problem must igsug) probe opera-
tions.

Proof: Our proof is based on a sampling lower bound established]ifof evaluating symmetric
functions. Itis showed in §] that any sampling algorithm for symmetric functions can be simulated
by ani.i.d. sampling algorithm under some speci ¢ conditions. Therefore, the sampling lower bound
can be measured by the distance between two i.i.d. distributions. Formally, we need the following
de nition:

De nition 1 [Total Variational DistancebupposeX andY are two discrete distributions with a
common supporg. Thetotal variational distancéalso known as statistical distance) betweén
andY is de ned as X
1~ .
drv(X;Y) = > jPr[X =s] PrY = sj:
s2S

Supposd (X1;:::;Xm) : S™ 1 Z is a symmetric function wher® andZ are arbitrary sets. For
anyx 2 sm, WepuseUx to denote the distribution of i.i.d. query outcomes»orupported orX ,
i.e.,,Ux(s) = iz1 1(xi = 8);8s 2 S wherel() is an indicator function.

Lemma 10 ([3, Theorem 4.21]For any 2 (0;1);

2 (£;3%), given two inputs;y 2 S™, if a
sampling algorithmA can distinguish whethdr = f (x) orf =

f (y) with probability at least

_..,S\I\J

3A function is a symmetric function if permuting the input arguments does not change the function value.
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.- . . pP— .
within worst case sampling complexity at mgst = m=(6 ), it must take at least

;h']i
8 drv(Ux;Uy) 8

samples in the worst case.

P
Consider the simple symmetric functioleg®) = f (X1; ..., Xm) = i”;l X; wherex; is 1 if the
edge connectin and thei-th white vertex is solid, and 0 otherwise. We ust denote an input
with f = t. Then, we have that, (0) = ™t andU,(1) = . Similarly, we usey to denote an

inputwithf = t +1 and we have thatl, (0) = ™1 andU, (1) = L.

By the de nition of dyv, it is easy to see thatn, (Uy; Uy) = % Therefore, we conclude that the
lower bound of the single vertex problem {sm).

The lemma below shows a reduction from the above problekaMCV.

Lemma 11 Forany 2 (O; 1—12 ;2 (0 %), givenan( ; )-approximate&k-MCV algorithmA with
expected sample complex®y, we can design an algorithfd to solve the single-vertex problem
with at most32Q=n probe operations.

Proof: We reduce the single-vertex problem to 1-MCV as follows. First, pick a vialue32 and
construct an edge hidden gra@hwith n black vertices andn  maxft + 1;64g white vertices.

vertex For anyly withj 6 i, we connectit td white vertices randomly chosen without replacement
(i.e., pick a randont-sized subset of white vertices over all tHe possible choices).

Algorithm B solves the single-vertex problem by simulating algoritAmn solving the 1-MCV
problem onG. WheneverA probes a hidden edge bf with j & i, B simply does the same. On
the other hand, wheA probes a hidden edge of the pivot vertexB probes a hidden edge of the
vertexbin the single-vertex problem, and passes the reséit ti (i) the pivot vertex is probed less
than% times and at the same time (A) returns a verteky withj 6 i, B decidesdeg() = t. In
all other cases3 decidesdeg) = t +1.

This nishes the description dB. Its worst case cost is clean@sf]Q (for the single-vertex problem).
Next, we show thaB decidesdeg(b) correctly with probability at Ieas}%.

Consider rst the case afleg() = t. All the black vertices inG have degrees exactty Denote
by Ty, the number of probe operations thl&gaperforms orb. As the pivot vertex is indistinguishable
from any other verties, we ha¥T,] = % Markov's inequality then gives:

320 1

32

Pr Ty

If T, < 32, B errs if and only ifA returnsh. Sincebis indistinguishable, the probability that
A returnshy is 1=n (recall that every kilacklvertex has the same chance of being the pivot vertex).

Therefore, with probability at leadt - 35 % B returns a correct answer.

Next, consider the case deég() = t + 1. B makes a mistake only if, < @ andA returns a

vertexly withj & i. SinceA isan(; )-approximatel-MCV algorithm, the probability thaB errs
isatmost 1. Hence, once again, it is correct with probability at legist

The second branch of Theorehfollows from Lemma® and11.

D Analysis of Topka,g Arm Selection

In this section we analyze our algorithm fay,-AS as shown i, 7, 8. We rst present the analysis
of Quartile Elimination in AppendidD.1. Next, we prove Theorerdin AppendixD.2. Finally, we
prove Theorent in AppendixD.3.
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Algorithm 6: QE-AS
1 input: B, , ,k
2 for :1:2;1:4;:::d0
3 S:QE(By 1 ’ 1k )

4 f(agjl i ), a\,gg uss;;; @ =2);k);
s | if %S 2 then
6 L return fag;:::;akg;

Algorithm 7: Quartile Elimination (QE)
1 input: B, , , ,k
25, =B, 1= =32 1= =8, 1= ,and‘:1;
3 while jS-j > 4k do

+ | sampleeveryarma2 S forQ = (48=7?)(1=-) 1+ 29€=2) fimes;

5 for eacharma 2 S do

6 | its empirical value'(a) = the average of th®- samples frona;

7 | a1;:::;&sj =the arms sorted in non-increasing order of their empirical values;
8 S‘+1 :fali""aajs] =40,

° | y1 =7 238, vy = =2 o =(1 ) ,and = +1;

10 return S;

Algorithm 8: Uniform Sampling (US)
1input: S; ;K
> sample every arra 2 Sfor Q = (120=2)(1= ) 1+ % times;
3 for eacharma 2 S do
4 L its US-empirical valué VS (a) = the average of th@ samples frona;
5 ap;:il; &g = the arms sortedlgn non-increasing order of their US-empirical values;

6 return f(al;::"ak),"gvz = 10X, "US(ayg

D.1 Analysis of Quartile Elimination
This subsection serves as a proof for the following lemma:

Lemma 12 In Quartile Elimination, if avg(B), with probability at leastt ~ ;, QE returns an
arm setS satisfying ag(S) (1 3) avw(B).

P
Focus on the-th round for a specic’. For any subseX S, let "ag(X) = £ ¥, "(X).
We usem- to denote the median of the means of all the armS-inand - to denote the largest
empirical value of the eliminated arms in this round. For gachk, de rlt_L’e a Boolean variablX -

Whlchequalsllf\l(S)<m + % and O otherwise. LeX- = [, (i(S) m)Xy.
Furthermore, de neE” to be the event thaX- ©ang(S) holds ancEB to be the event that
c<me + RS avg(s‘) holds.

Lemma 13 In Round', if bothE* andE® occur, then a4(S+1) (1 ) avg(S') holds.

Proof: First, we claim that, undeE® andEB , it holds that

1 X 1 X
K i(S+1) K (@ Xy) i(S)+ Xim): (17)
i=1 i=1
To see this, consider an arap(S:) with i k. If X+ = 0, by de nition, we have”; (S+)
m- + % SinceEB occurs, we have that
A5y mor =S,
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Therefore, we know that; (S+) has not been eliminated in roundSincea; (S+) is one of the togk
arms inS, it must be one of the toR-arms inS,, . Hence, for each arg; (S+) withi  k and
X+ =0, i(S) appears in both LHS and RHS df?) exactly once. Notice that in QI, ’ST‘J.
After eliminating'ST\J arms, there exist at leaktarms with means at least-. Thus, each term in
LHS of (17) is at leasin-. Therefore, we conclude that our claitti7f is true. Now, we can see that:

1 X
avg(S+1) K (T Xyi) i(S)+ Xyim-)
i=1
= avg(S‘) X‘

(by E‘A) (1 ) avg(s‘):

Lemma 14 Under the condition avg(B), ifforall j <™ , Quartile Elimination ensures
avg(Sj +1 ) (1 j ) avg(Sj ) (18)

then, with probability atleast -, ag(S+1) (1 ) aw(S) holds.

Proof: By Lemma13, it suf ces to prove that with probability no less than -, bothEA andEB
occur.
Q

First we show thaPr[EA] = Pr[ X- ©avg(S)] 1 . From (18), - ;:11(1
i) avg(S1) avg(S). For anyi k, dene - = maxf0; (S) m #g and
Y‘;i = X‘;i . We have:
1 X 1 X avg(S)
X Koot > X
i=1 i=1
1)« Yo avg(s‘)_
- | :
k . 2
P . . P
Hence, it sufces to showPr[EA]  Pr[ K, vy —=2230] ety = 1 vy, we
have:
" #
1 X
Pr E Y‘;i A avg(s‘)zz
.=l 4
X
= Pr ‘Q‘ Y‘;i :2 ‘ZQ‘ avg(s‘)k:4
L=l | #
v !
= Pr exp ‘QVYii=2  exp ?Q ag(S)k=4
i=1
Elexp(-QY-=2)]
: 19
exp (7Q ag(S )k=4) 19)
For all g;(S-) satisfying {(S') m- —=2(5) 5 gwherei  k, we useU to denote the set of

2
their indexes andl to denote the collection of all non-empty subset&JofFor anyl 2 | , denote
by E' the event that both of the following are true: Xi),;; = 1 holds for alli 2 I, and (i))X-; =0
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holds for alli 2 Unl . We have:

! #
N
PrEE  Pr (Xy=1)
..X i21 #
Pr " AS) <l m«+‘%(s‘)
wi2l #
X . X X
= Pr i(S)< i(S) i
i21 i21 i21
P 2 9 !
exp 2l ' p : (20)
2 i21 i(S‘)
where the last inequality is due to Chernoff boubH (
P
Let | = % By (20), we have:
Elexp(-Q-Y-=2)] |
X X '
exp Q =2 Pr E' +Pr[Y-=0]
121 i2l |
X . 1 X '
eXp = 51 Q i(S‘) +1
2 2 .
12l i21
2
2k exXp gQ avg(s‘)k
Therefore, we get:
" #
Pr 1)« Yoo avg(s‘)
K. ! 2
i=1
2
Zk EXp gQ avg(S‘)k
2f .
e 2 2

Next, we prove thaPr[EB]=Pr[ - <m-+ ‘%(S”] 1 —.Foranyi j Sj,deneaBoolean
variablezZ; that equals 1if}(S) m- + % or 0 otherwise. It suf ces to show that at least
151 arms have empirical values smaller than + —a®) e, 187z 3D e show that
with a large probability ’if‘jjs\j:z zi 51 holds. By Chernoff bounds, for aigj=2 i j Sj,
we have:

E[zi] = Pr \(S) m‘+‘%(s‘)
Pr (S)  i(S)+ @
2
exp TZQ avg(S)
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Let =exp 1—‘22Q« avg(S) . Itis easy to verify that < % By Chernoff boundT), we have

2 o 3
°j L

S\
Pra 2, J—4J5
i=)Sj=2
=2 4 1=2" iS'j=2

1=2 1=2
P p_ isij=2
2 2

jSj ¢

exp 7 In (2) ﬂQ avg(s‘)
isj ¢

exp TIBQ avg(S')

2 .

EXp ﬂQk avg(s‘) E;

where the third to last inequality used the fact tihg®) %Q« avg(S') %Q« avg(S) by our

setting ofQ- and the second to last inequality used the factjiBgt 4k.

Now, suppose QE terminate%’mrounds. By su61ming up the failure probabilities and the errors of
L

all rounds in QE, we havethatiL=1 i and ", (1 ) 1 =2 Thus, we complete the
proof of Lemmal2.

D.2 Correctness and Sample Complexity
Analysis of Uniform Sampling. Let us start with:

Lemma 15 In Uniform Sampling, if ¢ avg(S), then with probability at least 7, US returns
an arm se which satis es ag(V) (1 3) avg(S).

Proof: We useU to denote the collection of ak-sized subsets d3. Consider the subsét 2 U
with the largest average mean. Byrtlje nition we hayg(S) = awg(U ). By Chernoff boundZ),
i

Pr Aavg(U ) 1 1 avg(U )
2
exp ZBQ avg(S)k
Consider an arbitrary sét 2 U. Let = % 1 3 LIf agU)< (@ =2) ag(U)
but "ag(U) (1 =4) ay(U ), we r?btain: _
i
Pr"ag(U) 1 7 ao(U)
h i

= Pr "ag(U) 1+ ) ag(V)
2
289 Sk

where the last inequality is due to Chernoff bountlsgnd @) (we distinguish0 < < 1 and
1. The calculation details are similar to the proof of Lem8)a

exp

Notice that in US we havgs]  4k. Applying the union bound over all the subsets of dizeve
assert that the failure probability of US is at most

IS] ex —ZQ (S)k =

k TP Zg¥ v 4
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Next, we show that with high probability QE-AS terminates a2 [% avg(B); avg(B)]. If this is
not what happens, one of the following two events must have happened:

(1) Premature QE-AS terminates when>  ,,4(B).

(2) Overdue QE-AS does not terminate after invoking US witk % avg(B).

We say that QBucceeds# the arm seSS it returns satis s ayg(S) (1 5) aw(B).
Lemma 16 Both of the following statements are true:

The premature event happens with probability at modt

If QE succeeds, the overdue event happens with probability at mést

Proof: The second statement directly follows from the proof of Lentn&or the rstlemma, let
us focus on a specic guess Let = B We useU to denote the collection of ak-sized

subsets irs. Consider aspecid¢) 2U. Let =2 ()1 1. We claim:

Pr{"ag(U) 2]
= Pl "ag(U)  (1+ ) ag(U)]
=4 5
- exp( 5k): (21)
Notice that here we have> 1. By Chernoff bound3),

Pr"agU)  (1+ ) ag(U)]

=4 5
exp( 2Q k=6) Texp( Ek):

This proves (22) fol < 2
When 2, by Chernoff bound4),
Pr[Aavg(U) 1+ ) aw(U)]

R 20k
2= ayg(U)
e 2Qk

2
(2= )2% exp( 2Q k= 6)
5
(2= )( =16)exp( k);
where the second inequality holds sinee—~ , and the third inequality holds sines4 <

avg(U)
e 178, Thus, we complete the proof a27).

Notice that the size dfl is at most ij . Together, by the union bound, the probability of premature
event for a speci ¢ is at most( =4)=(2 ). We use nmin to denote the minimum that is greater

than ay4(B). Let min = %. Summing over all > 4,4(B), we assert that the probability of
premature for QE-AS is at most
:4+ :4+ :4+::: =4 =4
2 min 4 min 8 min min

The rest of the proof is almost the same as that for ME-AS in AppeBdixwhich leads us to:

Theorem 5 QE-AS solves thleag-AS problem with expected codt 5 —1gy 1+ 002 )
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D.3 Lower Bound

This subsection serves as a proof for:

Theorem6 For any 2 0,55 and 2 045, given any(; )-approximate algo-
rithm, there is an instance of th&,g-AS problem on which the algorithm must entail

n avgl(B) 1+ 290=)  costin expectation.

We show that the lower bound dfag-AS is the maximum of %ﬁmg(t:) and
n 1
2 avg(B)

First Lower Bound. We reducel-AS to this problem. Suppose that ftvAS, we have a bandit

has mearfl +4 ) whereas all the other arms have meaiVithout loss of generality, we assume
thata; has mearfl + 4 ) . Recall that in Theorer@, we showed that for anf/; )-approximate
1-AS algorithm, distinguishing the single arm with mgdnt+ 4 ) in | takes (( nlog)=( 2 ))
samples. We construct a hard instancekigg-AS based or.

Letn = kn® We create arti cial arms as the input to algorithrA and divide them intm® groups.
Each group contains exacttyarms. The-th group contains the arms with indexes from 1)k +1

to ik. Each time wherA attempts to sample an arm in th¢h group, we actually take a sample
froma 2 | and passes the result £a If there exists an such that more thalgg,,li arms returned
by A are from group, we selecty; 2 | as the answer fot-AS. Otherwise, we select an arbitrary
arm. Suppose th# can solveka,g-AS within sample complexitf. Since < 1=12, by de nition

of kavg-AS, any feasible solution must contain at leakt3 arms in the rst group. Thus, with
probability at leastl , we selecta; as the answer fot-AS. Hence A can solvel-AS on the
instance with n"°= n=k arms and = avg(B), usingQ samples as well. Therefore, we conclude
that

n1, 1 n 1 log(l=)
= DZlggz = 1 ogll=)
7 ol 7 aB) K

Second Lower Bound.We de ne thesingle-armproblem as follows: with probability at leaBt6,
distinguish whether a single-arm has measr (1 +4 ) .

Lemma 17 Forany 2 (0
( 12)cost.

; %), any algorithm solving the above single-arm problem must entail

Proof: Our proof is based on a sampling lower bound established ififeorem 4.7]. We need the
following de nition:

De nition 2 [Hellinger distanceSupposeX andY are two discrete distributions with a common
supportS. The Hellinger distance betweehandY is de ned as
S v
A
da(X;Y)= 1 (Pr[X = s])¥=2(Pr[Y = s])1=2:
s2S

It is shown in @] that given0 < < % and two distributions<, Y on a common support with
dZ(X;Y) % any algorithm distinguishing andY with failure error bounded by requires at
IeaStW In 1 samples. We usg to denote the Bernoulli distribution with mear(similarly
for Up.s ) ). From De nition 2, we have that

di(U ;U ) )
= 1 @a+4) p(1 A (1+4))
16 2 :
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Therefore, any algorithm distinguishing two Bernoulli distribution with meamd(1+4 ) must
take at least( 4 1) samples.

The second lower bound % ﬁ) is established by a reduction from the above single-arm prob-

lem. The proof is somewhat similar to the reduction in the proof of Leriindrirst we show that
forany 2 (0;4); 2 (0;45), given an(; )-approximateka,g-AS algorithmA with expected
sample complexity), we can design an algorithBito solve the single-arm problem using at most
64Q=n samples.

S Uandanarmg 2 S asthepivotarm Forany arme; 2 Swithj 6 i, weset () = (1+4 )
and for each arma; 2 UnS, we set (a;) =

Algorithm B solves the single-arm problem by simulating algoritAmWhenA samples from an
arma; with j 6 i, B simply do the same. On the other hand, widesamples the pivot ara;, B
samples from arma as in the single-arm problem, and passes the resilt tib (i) the pivot arm is
sampled less thaﬁﬁ—Q times and at the same time () returns an arm sat not containingg;, B
decides that(a) = . In all other case® decidesthat(a)=(1+4 ) .

Consider the case of(a) = . We useT, to denote the number of samples taken famLet
S%= Snfa;g. Sincea; is uniformly distributed inUnS®andk  n=2, we have:
Q 2Q

ElTa] n k+i n_

ThereforePr[T, %] L. If T, < & Berrsifand only ifaj 2 V holds. Notice that in this

case, any feasible solution must contain atI@&s8 1 arms with mearfl +4 ) . Therefore with

probability atleasi  , A returns at mos§ + 1 arms with mean. Thus,

k=3 +1
. N k=3+1 o
Prla 2 V] @ ) 088

Thus, with probability atleast 0:35 1=32 0:62, B outputs the correct answer.

Next, consider the case wherga) = (1 +4 ) . In this case, any feasible solution must contain
at leastzk=3 arms with mear{f1 +4 ) . B errsonly if T, < 64Q=n anda; 2 V. SinceA is an
(; )-approximatekayg-AS algorithm, we have thar[a; 2 V] %(1 )  0:65. Therefore, by

the lower bound for the single-arm problem, we have @a 41 = 51

7 w(B)
E Analysis ofkag-MOST CONNECTED VERTEX

Ourkavg-AS algorithm, combined with the reduction described in Sectidnalready settleBayg-
MCYV with the sample complexity given in Table Next, we prove the following lower bound.

Theorem7 Forany 2 05 and 2 0; 4 , the following statements are true about any
Kavg-MCV algorithm:

whendeg,,4(B) < log™ , there is an instance on which the algorithm must probe
n m 1+ log(1=)
2 deg,,(B) k

edges in expectation.

whendeg, (B) < O (1), there is an instance on which the algorithm must prabem)
edges in expectation.

Case deg,.,4(B) (@ =2?)log ™). We rst show a lower bound of
(( nmlog ¥)=( %k deg,4(B))), using the hardl-AS instance constructed in the proof of
Theorem6. Recall that the instance has a baif n®armsfay;:::;a,0g. Construct froml a hidden
bipartite graphG = (B;W;E) wherejBj = kn®= n andjWj = m (24log2)=( 2 ). Divide

B into n°groups, each havink vertices. For each black vertex in théh group, we independently
make each edge incident on it solid with probabilify; ).
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