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PROBLEMDEFINITION

Stochastic Matching [Chen, Immorlica, Karlin, Mahdian, and RudraΦ Ωлфϐ

ºGiven:

·A probabilistic graph G(V,E). 

·Existential prob. pe for each edge e.

·Patience level tv for each vertex v.

ºProbing e=(u,v): The only way to know the existence of e. 

·We can probe (u,v) only if tu>0,tv>0.

· If  e indeed exists, we should add it to our matching.

· If not, tu =tu-1, tv =tv-1.



PROBLEMDEFINITION

ºOutput: A strategy to probe the edges

·Edge-probing: an (adaptiveor non-adaptive) ordering of edges. 

·Matching-probing: k rounds; In each round, probe a matching.

ºObjectives:

·Unweighted: Max.  E[ cardinality of the matching].

·Weighted: Max. E[ weight of the matching].



MOTIVATIONS

ºOnline dating

· Existential prob. pe : estimation of the success prob. based on 
ǳǎŜǊǎΩ ǇǊƻŦƛƭŜǎΦ 



MOTIVATIONS

ºOnline dating

· Existential prob. pe : estimation of the success prob. based on 
ǳǎŜǊǎΩ ǇǊƻŦƛƭŜǎΦ 

· Probing edge e=(u,v) : u and v are sent to a date. 



A LP UPPERBOUND

maximize
X

e2E
we ¢xe

subject to
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xe = pe ¢ye 8e 2 E

0 · ye · 1 8e 2 E

ºVariable ye : Prob. that any algorithm probes e. 

At most 1 edge in ∂(v) is matched

At most tv edges in ∂(v) are probed

xe: Prob. e is matched



A SIMPLE8-APPROXIMATION

An edge (u,v) is safeif tu>0,tv>0 and neither u nor v is matched

Algorithm:

ºPick a permutation π on edges uniformly at random  

ºFor each edge e in the ordering π, do:    

· If e is not safe then do not probe it.    

· If  e is safe then probe it w.p. ye/α.



A SIMPLE8-APPROXIMATION

Analysis:

Lemma:  For any edge (u,v), at the point when (u,v) is 
considered  under π,  Pr(u loses its patience) ≤1/2α .

Proof: Let U be #probes incident to u and before e.

By the Markov  inequality:
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A SIMPLE8-APPROXIMATION

Analysis:

Lemma:  For any edge e=(u,v), at the point when (u,v) is 
considered  under π,  Pr(u is matched) ≤1/2α .

Theorem: The algorithm is a 8-approximation.

Proof:  When e is considered, 

Pr(e is not safe) ≤ Pr(u is matched)+ Pr(u loses its patience)+

Pr(v is matched)+ Pr(v loses its patience) ≤ 2/α

Therefore,

E[our solution] = Σe we Pr(e is safe) (ye/ α) pe

≥ (1-2/α) (1/ α) Σe we ye pe ≥ 1/8 OPT  (α=4)

Recall Σe we ye pe is an upper bound of OPT



AN IMPROVEDAPPROX. ςBIPARTITEGRAPHS

Algorithm:
º (x,y)ҥ hǇǘƛƳŀƭ ǎƻƭǳǘƛƻƴ ƻŦ ǘƘŜ [tΦ

º y’ ҥ wƻǳƴŘ y to an integral solution using dependent rounding 
[Gandhi et al. 06]and Let E’= {e | ȅΩe=1}.
· (Marginal distribution)Pr(ȅΩe=1)=ye;

· (Degree preservation)DegE’(v) ≤ tv ; (Recall  Σe2(v) ye ≤ tv )

· (Negative Correlation)  Pr(ɽe2 S (ȅΩe=1)) ≤ Πe2 S ye .

ºProbe the edges in E’ in random order.

For matching-probe model:

ºM1, …, Mhҥ hǇǘƛƳŀƭ ŜŘƎŜ ŎƻƭƻǊƛƴƎ ƻŦ E’.

ºProbe {M1, …,Mh} in random order.



FINALREMARKSANDOPENQUESTIONS

ºQuite recently, Adamczykhas proved that the greedy 
algorithm is a 2-approximation for  the unweightedversion.

ºBetter approximations?  (Unweighted: 2; Weighted bipartite: 3; 
Weighted: 4).

º o(k)-approximation for stochastic k-set packing? Or ̒(k) is the 
best possible?

ºAny lower bound? 



THANKS



AN IMPROVEDAPPROX. ςBIPARTITEGRAPHS

Analysis (sketch):

!ǎǎǳƳŜ ǿŜ ƘŀǾŜ ŎƘƻǎŜƴ 9ΩΦ

Consider a particular edge e=(u,v).

Let B(e,π) be the set of incident edges that appear before e in the 
random order π. 

We claim that

Pr [ e is safe j E0 ] ¸ E¼
h Y

f2B(e;¼)
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i
;
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i
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Z 1

0

Y

f2@E0 (e)

(1¡ xpf) dx:



AN IMPROVEDAPPROX. ςBIPARTITEGRAPHS

Analysis cont: To see

Consider this random experiment:  For each edge in           , we pick 
a random real in [0,1].  This produces a uniformly random 
ordering. Let r.v. Af= (1-pf) if f goes before e, and Af=1o.w.

Then, we consider 
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AN IMPROVEDAPPROX. ςBIPARTITEGRAPHS

Analysis cont:

Define                   to be the optimal value of

We can show                       is convex and 

decreasing on r

maximize =

Z 1

0

Y

f2@E0 (e)

(1¡ xpf ) dx

subject to
X

f2@E0 (e)

pf · r

0 · pf · pmax:

½(r; pmax)

½(r; pmax)



AN IMPROVEDAPPROX. ςBIPARTITEGRAPHS

Analysis cont:
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Marginal Prob.

Convexity.

Negative correlation.



AN IMPROVEDAPPROX. ςGENERALGRAPHS

Algorithm:

º (x,y)ҥ hǇǘƛƳŀƭ ǎƻƭǳǘƛƻƴ ƻŦ ǘƘŜ [tΦ

ºRandomly partition vertices into Aand B.

ºRun the previous algorithm on the bipartite graph G(A,B).

Thm: It is a 2/ (́1, pmax)-approximation.

If pmaxҦ мΣ ǘƘŜ Ǌŀǘƛƻ ǘŜƴŘǎ ǘƻ пΦ LŦ pmaxҦ лΣ ǘƘŜ Ǌŀǘƛƻ ǘŜƴŘǎ 
to 2/(1-мκŜύ ҒоΦмр


